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Abstract 

The purpose of this paper is to provide tools for analyzing the compact- 
ness properties of sequences in Sobolev spaces, in particular if the sequence 
gets mapped onto a compact set by some nonlinear operator. Here, our 
focus lies on a very general class of nonlinear operators arising in quasilin- 
ear systems of partial differential equations of second order, in divergence 
form. Our approach, based on a suitable decomposition lemma, admits 
the discussion of problems with some inherent loss of compactness, for ex- 
ample due to a domain with infinite measure or a lower order term with 
critical growth. As an application, we obtain a characterization of proper- 
ness which is considerably easier to verify than the definition. The methods 
presented can also be used to check Palais-Smale conditions for variational 
problems. 
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1 Introduction 



This work is motivated by the articles of Stuart and Rabier [23] and Gebran and 
Stuart [13]. In the former, elliptic equations on the whole space are studied, and 
the approach is generalized to quasilinear elliptic systems on exterior domains 
in the latter. Both papers focus on elliptic quasilinear differential operators of 
second order mapping W'^'''' into L^, where p > N. By compact embedding, 
this choice of spaces entails that perturbations which only contain derivatives 
up to first order are "locally" compact, i.e., compact if restricted to a bounded 
subdomain of fi. As a consequence, properness for such an operator restricted to 
a bounded subset of W'^'^^fl) on a bounded regular domain fl can be obtained 
using well known a-priori estimates for linear systems with continuous coefficients. 
If, on the other hand, fl is unbounded, one has to deal with the possibility that 
mass might escape into the outer regions of fl and vanish in the limit, a lack of 
compactness otherwise not present. The results in [23] and [I3] provide conditions 
to rule out the aforementioned behavior. However, to apply those results (for 
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example as described in |24], to carry out a global continuation argument along a 
real parameter using a suitable degree), one has to face a serious obstacle inherent 
in the choice of spaces: Usually, a-priori estimates in the corresponding space are 
required (to prevent a blow-up of a continuum of solutions prior to reaching 
any parameter value of interest, for instance). Even if the leading part is of of 
divergence form and the equation considered admits a simple a-priori estimate 
in its weak setting (in W^''^, e.g., if the leading operator is of g-Laplace type), 
this estimate cannot always be lifted to W^'^. In particular, this is a problem in 
the case of quasilinear elliptic systems, where regularity theory is available only 
in special situations and known to fail in general (for an overview see [H], e.g.). 
Hence it seems expedient to derive a characterization of properness applicable in 
the "natural" weak setting of the equation, which is the content of Section [H An 
important new difficulty which arises is that perturbations containing first order 
derivatives are no longer locally compact. 

Technically, our approach differs from that of [23]. Instead, we extend ideas 
employed in [11] (see also for problems on bounded domains. A key obser- 
vation is the fact that on a bounded domain fl, any given bounded sequence m„ 
in W^'^{Q) can be decomposed into a sum of two sequences (say, = f „ + Wn) 
in such a way that |Vf„|^ + \vnf is equiintegrable and Wn converges to zero in 
measure ("decomposition lemma", cf. Lemma 1.2 in jllj). This means that the 
two qualitatively different types of noncompactness in W^'^^fl) can be separated: 
Vn does not concentrate and Wn does not oscillate whereas Un might do both. 
(Here, recall that if a sequence converges in measure and it is equiintegrable as 
above then it is strongly convergent due to Vitali's Theorem.) To use the de- 
composition lemma to check properness or a Palais-Smale condition, a second 
ingredient is needed: As already observed in yjj, nonlinear functionals satisfying 
a suitable local Lipschitz condition behave asymptotically additive in the limit 
n ^ oo with respect to such a decomposition m„ = f„ + Wn ("orthogonality 
principle", cf. Lemma 2 in [IE]). We generalize these arguments in the following 
ways: First of all, recall that if fl has infinite measure, other types of divergent 
bounded sequences are possible. The two typical examples for such sequences Un 
in WQ'^{fl) are "traveling bulks of mass" (i.e, /^^(^ )pif^ \unf for a sequence of 
points Un & fl with \yn\ — * 00) and vanishing (in the sense of P.-L. Lions [H], for 
instance a sequence such that ti„ ^ in W^'°° and m„ 7^ in W^'^). Of course, 
the sequence of gradients might do the same. One major aim of this paper is 
to obtain a suitable extension of the decomposition lemma which allows us to 
deal with this kind of behavior as well, by decomposing into more than two se- 
quences (actually, we end up with five, cf. Lemma [3.21ll . while the orthogonality 
principle remains valid (cf. Theorem 14.41) . Similar as in |11) . the decomposition 
is obtained by truncating the original sequence in a suitable way, thus splitting 
the truncated part and its remainder. However, we use three different ways of 
truncating, adapted to the presence of an unbounded domain: The first type of 
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truncation cuts off unbounded parts of f2 via multiplication with suitable smooth 
functions which vanish outside some ball. Second, we truncate gradients above 
large levels. Note that this is not a trivial operation because a naive approach 
would destroy gradient structure. Our definition is based on Theorem lA. 61 which 
employs arguments involving maximal operators and the extension of Lipschitz 
functions. It is similar to the one used in [11] and [7], respectively, apart from 
the fact that we truncate in a way which preserves Dirichlet boundary conditions 
while avoiding the assumption that the domain is bounded. The third method of 
truncation is again based on the aforementioned truncation of gradients, but now 
we truncate at small levels, to remove parts of a function which are uniformly 
small in W^'°° but at the same time "spread out" in f2 in a way which prevents 
that the their norm in VT^'^ is small. In place of the orthogonality principle for 
real- valued functional, we derive an analogue which is valid for a large class of 
nonlinear operators F : X ^ Y between two Banach spaces. The main class of 
examples are perturbed quasilinear differential operators of second order in di- 
vergence form mapping Wq'^ fl Wq''^ into its dual space. The key assumption we 
employ in that context is that F is uniformly continuous on bounded subsets of 
X. If we assume that F{un) converges in F, it turns out that the images of each 
of the components of the decomposition of Un converge (up to a subsequence). 
This in fact entails a characterization of properness: To show properness of F (on 
closed bounded sets), one has to show that every bounded sequence m„ such that 
F{un) converges has a convergent subsequence. In view of the results above, we 
now may assume in addition that m„ is a sequence of one of the types encountered 
in the decomposition lemma, each of which is carrying at most one of the types 
of noncompactness mentioned above. As a consequence, obtaining the existence 
of a convergent subsequence becomes considerably easier. 

In contrast to the concentration-compactness lemmas [E], [20] and the main 
result of [H], we do not rely on limiting notions describing the lack of compact- 
ness, such as suitable measures capturing concentration effects. In particular, 
we avoid related assumptions such as continuity in the independent variable and 
homogeneity of the terms with critical growth, as well as the associated loss of 
information. Moreover, perturbation terms containing derivatives can be treated. 
We also mention that a specialized type of decomposition lemma is well known as 
a method to verify a Palais-Smale condition for various semilinear elliptic varia- 
tional problems, its prototype being [27]. An indroduction to this topic and some 
applications are given in [28], for further versions and applications the reader is 
referred to [28], [21] (Theorem III.4), [5] (Lemma 2.9), [M] and t2j (e.g.). Results 
concerning the Palais-Smale condition for variational problems of more general 
form can be found in [8], [9] and [25]. Apart from the aforementioned papers [23] 
and |13| . properness of nonlinear operators arising in context of elliptic equations 
and systems without variational structure (of general form) has been discussed 
in [29] and [30] with the focus on unbounded domains, and in [3^ and [S^ for 
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bounded domains. 

This paper is structured as follows: Section [2] contains an abstract framework 
which allows us to derive suitable abstract versions of the orthogonality principle 
(Theorem I2.7P and the associated characterization of properness (Theorem I2.8p . 
assuming that a decomposition lemma is valid (axiom ( 0:2[ )). It works with an 



abstract notion of truncation, a common denominator of all three methods of 
truncation mentioned above. These are defined and discussed in Section 3, cul- 
minating in an associated decomposition lemma (Lemma 13.211) . In the remaining 
sections, the abstract results are applied. In particular, in Section [4] we obtain 
a characterization of properness for quasilinear operators of second order in di- 
vergence form (not necessarily elliptic) in the weak setting (Theorem 14.511 . based 
on our version of the decomposition lemma and an associated (asymptotical) de- 
composition of the nonlinear operator (Theorem 14.40 . Our methods can also be 
used to verify the Palais-Smale condition in variational context, which of course 
is closely related to properness of the Frechet derivative of the energy. In Sec- 
tion [5], we provide another tool for that purpose which supplements the results 
of Theorem 14.41 namely an orthogonality principle for energies or integral con- 
straints, respectively (Theorem 15. 2p . In the final section, we revisit the setting 
discussed in [23] and [13]. In that context, our method yields a direct proof of the 
equivalence of properness (on closed bounded sets) and "properness at 0" (Corol- 
lary [631 cf. Theorem 6.5 and Theorem 7.9 in ^23j and Theorem 5.7 in |13| ) which 
avoids the use of limit problems (and the associated assumptions concerning the 
asymptotic behavior of the coefficient functions and the domain), thus answering 
a question raised in [23] . 



1.1 Notation and preliminaries 

As usual, W'^'P^fl; V) is the Sobolev space of functions u : Q ^ V with distri- 
butional derivatives up to order k in L^, where Q C is a domain (i.e., open 
and connected) and V is some finite dimensional euclidean vector space. The 
closed subspace WQ'^{fl;V) consists of the closure of C^(f2), the smooth func- 
tions with compact support, in 1^^'^. Norms of infinite dimensional spaces are 
denoted by \ \-\\xi where the corresponding space X is given in the index, whereas 
finite dimensional norms are denoted by |-|, as is the real modulus. Moreover, if 
A C is a measurable set, \A\ is its Lebesgue measure. The letter / always 
stands for the identity map on a set which should be clear from the context. 
For super-level sets of a function / : -D — > M, we sometimes use the abbreviated 
notation {f > h} := {x & D \ f{x) > h}, where of course the inequality sign can 
be exchanged to define a (strict) (sub/super-) level set instead. We also recall 
the following property of Sobolev functions, which will be used without further 
reference: 
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Lemma 1.1 (Lemma 7.7 in [15], e.g.). Let Q C be an arbitrary domain, 
p G [l,oc] and v G W^'^{Q). If D C Q is measurable and v{x) = for a.e. 
X E D, then also Vv{x) = for a.e. x E D. 



2 An abstract characterization of properness 

Let X, F be a normed vector spaces. We consider nonlinear operators of the 
following type: 

F : D ^ Y is a continuous function, . . 

defined on a closed additive subgroup D of X. \ ■ ) 

Remark 2.1. The case of an affine subspace D such that ^ D can be recovered 
as follows: For an arbitrary but fixed Xq E D consider F : D ^ Y ^ F{x) : = 
F{x + Xo), instead of F, where E D := {x — Xq \ x E D}. 

We study properness only on bounded subsets of X. 

Definition 2.2 (Properness). The function F is called proper (on closed bounded 
subsets of D) if 

every bounded sequence (m„) C D such that F{un) converges in Y 
has a subsequence which converges in X. 

Below, truncation techniques play a major role. All different types of truncation 
employed in the applications fit into the following abstract framework. 

Definition 2.3 (Truncation operators). 

Let X be a normed vector space, D G X and let 0„ : -D — D, n G N, be a 
sequence of maps. We call 0„ a family of truncation operators on C X if it 



satisfies ( |0:1[ ) and ( |0:2D below. That is, the maps 0„ are equibounded in the sense 
that 



||(/)„(u)||j^ < C \ \u\\-^ for every u E D and n G N 
with a constant C > independent of u and n. 



and 



every bounded sequence (m„) C D 

has a subsequence (Mfc(„)) such that (12.11) holds. 

Here, the latter means that 

(0n - 0i(n)) (^fc(n)) — ^ for cvcry sequence {j{n)) C N 

n — ^oo 

such that j{n) — > oo and j{n) < n for every n G N. 



(0:2) 



f2.1^ 
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Remark 2.4. 

(i) Note that 0„ does not have to be linear or continuous. As a matter of 
fact, in case of our second and third example below (truncation of gradi- 
ents) the truncation operators are nonlinear and continuity is not clear, 
cf. Remark [333 



(ii) Instead of (0^), it would actually suffice to have that UneN*^n(^) 



bounded in X, for every bounded set W (Z D. We still use (|0:1 ) because it 



is notationally convenient, and in all of our examples below, the family 



is linearly equibounded as required in (0:1 ), anyway. 



(iii) Axiom ( |0:2D is satisfied by each of the three types of truncation operators 



introduced in Section [3l The property of the subsequence in (0^) can be 
characterized as follows: 



(0„ - 0,(„)) (Un) — > for every sequence {j{n)) C N 
such that j{n) — > oo and j{n) < n for every n E N 



(2.2) 



if and only if 



for every e > there exists jo = jo(^) ^ such that 
||(0„ - 0j) iun)\\x < £ for every n,j eN with n> j > jo- 



(2.3) 



Roughly speaking, the "tail" (0„ — 0j) (m„) of 0n(M„) starting "at height j" 
becomes small as j oo, uniformly in n. For instance, in case of truncation 
of gradients, f l2.2p means that that the sequence 4>n{un) does not concentrate 
in W^'P (in the sense of Definition 13. II) . cf. Proposition 13.151 

(iv) If 0„, 0„ are families of truncation operators on D C X and D C X , 
respectively, such that 0„ = 0„ on l) := D H D, then the restrictions 
0n := 0n|£) are a family of truncation operators on D C X := X H X (with 
norm \ \-\\x = I M Ix + I M Ix)- Moreover, if Z is a closed subspace of X which 
is invariant under 0„ for every ra, then 0„ := (pnlf) is a family of truncation 
operators on D := D n Z C Z . 



(v) For the arguments employed in the present section, ( |0:1D suffices as assump- 



tion on 0„. However, Theorem 12 . 71 and Theorem 12 . 81 only apply to sequences 



Un with a subsequence Uk(n) satisfying (12.11) . Hence we also require (0:2). 



For technical reasons, we also want to truncate elements of the image of F. 
Roughly speaking, we need that this outer truncation has a similar effect as 
truncating the argument of F. The precise requirement is the following: 
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Definition 2.5 (Compatibility). 

Suppose that F : D ^ Y is a function on D C X, 0„ is a family of truncation 
operators on X and ipn '■ R ^ Y is a family of maps defined on a set -R C y 
which contains the range of F. We say that 0n is compatible to ipn with respect 
to F if for all bounded subsets W C D, 

sup \\iPm[Fiv+{I -<Pn){w))]-^n.[F{v)]\\y and (2.4) 

v,weW n^oo 

sup \\{I-,Pn)[F{v + ct>^{w))]-{I-^n)[F{v)]\\y 0, (2.5) 

v,w£W n~^oo 

where m G N is arbitrary but fixed. 

Of course, merely being a sequence of functions is not yet enough structure for the 
family ipn '■ R ^ Y ■ In addition, we assume that the family tpn is equicontinuous, 
uniformly on bounded subsets of R, i.e., 

SUp„eNSUp^i,^2eM/, \\n„-W2\\y<6\\'^n{Wi) - iJn{w2)\\Y —^0, 

for every bounded subset W of R. 
In Theorem 12.81 below, we also require that 

the sequence {■ipn{y))neN converges in Y, for every fixed y E R. ('^:2) 

We now list the remaining assumptions on F. For a given family 0„ of truncation 
operators on D C X, suppose that 

there exists a set i? C F which contains the closure of the range of F 



and a family of maps : i? — > F (n e N) such that (ip:!) holds (F:l 



and such that (pn and ipn are compatible with respect to F. 

Last but not least, we assume uniform continuity of F on bounded subsets of D, 
at least up to a perturbation as follows: 

There is a function Fi : D ^ R, uniformly continuous on bounded 

subsets oi D C X , such that for every bounded subset W C (F:2) 

(J - ilJn)[F{w)] - (/ - iJn)[Fi{w)] — > in Y, uniformly in w eW. 

Remark 2.6. As to the role of R, note that it is convenient to allow sets larger 
than the range of F or its closure. Otherwise, the possible choices of Fi in (IF:2p 



would be restricted too much. In many cases, one may use R := Y or a suitable 
closed subspace. 



The main results of this section are subsumed in the following theorems. The first 
one is an abstract generalization of Lemma 2 in [16] ("orthogonality priciple"). 
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Theorem 2.7 (Asymptotical additivity of F). Let (pn '■ D ^ D be an equibounded 
family in the sense of ( 0:1 ). Moreover, assume that F satisfies (iFiOll - (lFi2D and 



let (un) C D be a bounded sequence. Then 

F{Uk(n)) - F{MUk(n))) + F{0) - F{{I - <l)n){Uk{n))) 0, (2.6) 

n— >oo 

for every subsequence Uk(n) which satisfies (12.11) . 

To check properness of F, we only consider sequences (m„) such that F{un) con- 
verges in Y . In this case, even more can be said. 

Theorem 2.8 (Abstract characterization of properness). Let (p^ '■ D ^ D be 

an equibounded family in the sense of (0^) and assume that ( 1F:0D -( 1F^ hold 



with a family ipn which also satisfies { iIj:2 ). Moreover, let («„) C D be a bounded 
sequence such that the limit G := lim^^oo -^(^n) exists in Y. Then we have that 

F{<Pn{uk(n))) ^ G + H and F ((/ - 0„)(Mfc(„))) ^ F(0) - i/ mY 

as n oo, for any subsequence {uk(n)) of (u„) which satisfies (12.11) . Here, 

H := hm [(/ - V-n) {Fm - (/ - V'„)(G')] G Y. 

n— ►oo 

Remark 2.9. Theorem 12.81 tells us that for the purpose of showing properness 
of F (on closed bounded sets), it is enough to study bounded sequences with 
special properties, namely sequences of the type 0n(Mfc(n)) such that (12. ip holds 
and sequences of "tails" (/ — 4>n){uk(n))- Also note that if = if ipn{y) — ^ y for 
every fixed y E R. 



Proofs of Theorem 12.71 and Theorem 12.81 

We first collect a few basic consequences of (12.41) and (12.51) . 

Proposition 2.10. Suppose that the assumptions of Theorem \2. 71 are satisfied 
and let W be a bounded subset of D C X . Then there exists a sequence (m(n)) C 
N (m{n) >n), such that for every sequence {h{n)) C N with h{n) > m{n) for 
every n G N, 

sup I [F{w)] - tpn [F{(j)h(n){w))] I L — ^ and (2.7) 

sup WiJn [F{{L-^hin)){w))]-^n[Fm\\Y ~^ 0" (2-8) 

Proof. Let U := W U {0} U UmeN 0m(W^), which is a bounded set in X since 0„ 
is equibounded. By virtue of ( 12.41) . we can choose a strictly increasing sequence 
(m(n)) C N such that for every sequence h{n) > m{n), 

sup \\iJn[F{v + {L-^h{n)){w))]-iJn[F{v)]\\y<-. (2.9) 

v,wGU ^ 

With V = 0/i(n)(w), this entails (I2.7p . whereas with f = 0, we get (12. Sp . □ 
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Proposition 2.11. Suppose that the assumptions of Theorem \2. 71 are satisfied. 
Then for every bounded sequence C X which satisfies (12.21) . 

(/ - iJn) [F (0)] - (/ - iJn) [F (0h(n)K(n)))] ^ (2-10) 

(/ - [F (Uhin))] - (/ - i^n) [F ((/ - 0h(n))K(n)))] ^ 0, (2.11) 

for every sequence h{n) > n. 

Proof. As a consequence of (12.51) . we can choose a sequence m{n) < n with 
■m{n) ^ oo (slow enough) such that 

(/ - ^n) [F{V + <P,in)H)] -{I- ^n) [F{v)] ^0 in F, 

uniformly in v,w eW := {0} U [J {un, (f)m{un)}, (2.12) 

for every sequence j{n) < fh{n). Here, note that W is bounded since (u„) is 
bounded and the 0„ are equibounded. Moreover, 

(/ - (l)j(n)){Uh(n)) - {I - 4>h(n)){Uh(n)) = {4>h(n) - (j)j(n)){Uh(n)) > 

n — >oo 

as long as h{n) > n > j{n) for all n and i{n) oo, due to ( 12. 2^ . Consequently, 
(/- ^„) [F ((/- 0j-(„)) («,,(„)))] 

- (/ - [F ((/ - (t>Kn)){Uh(n)))] — ^^'^^^ 



ra— >oo 



and 

{I -%l)n)[F [(t)j(^n){Uh{n)))] 

- (/ - ^„) [F {(l)h(n){Uh[n)))] ^ 0. ^^'-^^^ 



n— >oo 



If F = Fi, (12.131) and (12.141) are due to the uniform continuity of Fi on bounded 
sets (also recall that the ipn are uniformly equicontinuous on bounded subsets of 
Y). This argument also yields the general case since the remainder is negligible 
in the limit by (IF:2ll . Assertion ( 12.10p now is an immediate consequence of (12. 12^ 
(with t> = 0, w = Uh(n)) and (I2.14D . Assertion ( I2.11D follows from (12.121) (with 
= (/ - 0j(„))(Mh(n)), w = Uh{n)) and (|2.13p. □ 

Proof of Theorem \ 2. 71 For simplicity, assume (w.l.o.g.) that Uk{n) = Un, 
whence (12. ip turns into (12.21) . Let m{n) be the subsequence of n obtained in 
Proposition 12.101 and choose an arbitrary sequence h{n) > m{n). We first claim 
that 

F{Uhin)) - F{<Phin){Uh{n))) + F{Q) - F{{I - )(«/.(„)) ) 0. (2.15) 
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Since the left hand side of (I2.15P is the sum of the terms hsted below, it is enough 
to show that 

[F {Uh{n))] - Ipn [F (0/,(n) (Mft(n)))] 0, 
ijn [F (0)] - ^„ [F ((/ - 0, 

(/ - ^n) [F (0)] - (/ - iJn) [F (0/.(„)K(„))))] and 

(/ - [F (uHin)))] - (/ - ^n) [F ((/ - " * 0. 



Here, the first two lines follow from Proposition 12.101 whereas the last two are 
a consequence of Proposition 12. Ill The same argument yields that every subse- 
quence of n has a subsequence h{n) such that (12.15^ holds, which implies conver- 
gence of the whole sequence as asserted in ( 12.61) . □ 

For the proof of Theorem 12.81 we need one additional ingredient. 

Proposition 2.12. Suppose that the assumptions of Theorem \2.8\ are satisfied. 
Then 

F {(pniukin))) G + H in Y as n oo, 
for every subsequence Uk{n) of Un which satisfies (12.11) . 

Proof. Recall that H = lim„_oo [(/ - ipn) {F{0)) - (/ - ipn){G)] G Y. For sim- 
plicity, assume (w.l.o.g.) that Uk{n) = whence (12. 2p replaces ( 12.11) . It is enough 
to show that every subsequence of n (not relabeled) has another subsequence h{n) 
such that 

F {Uh(n)) - F {^h(n)iUhin))) + H --^0 (2.16) 

in Y. We claim that ( 12.161) is valid whenever h{n) > m{n) for every n, where m{n) 
is the subsequence of n obtained in Proposition 12.101 Since we can decompose 
the left hand side of (I2.16P accordingly, (12.161) follows once we show that 

tpn [F {Uh{n))] - Ai [F (0h(n)(^i/i(n)))] 0, 

(/ - V-n) [Fm -{I- iJn) [F {4>^n){Uhin)))] ^ 0, 

n—*oo 

(/ - ^„) [F (uHin))] - (/ - i'n)iG) and 
(J - ij„){G) -{I- iJn) [Fm +H ^0. 

The first two lines hold due to Proposition l2.10l and Proposition EHH respectively. 
The term on the left hand side of the third line converges to zero since F{uh{n)) 
G and the ipn are equicontinuous at G, and the term in the last line does the 
same due to our choice of H. □ 

Proof of Theorem \ 2.^ Combining Theorem 12.71 and Proposition 12.121 the as- 
sertion follows immediately. □ 
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3 Examples for families of truncation operators 

We first introduce some terminology used troughout the rest of this paper. The 
notion of equiintegrability is commonly used for functions in L^, as are the terms 
"vanishing" and "tight" (cf. [19]), but we find it convenient to extend them to 
W'^'P in a canonical way. The reader should be warned that the precise defini- 
tions in the literature might differ in the framework of unbounded domains. In 
particular, "equiintegrable" is sometimes used in a sense equivalent to what we 
term "does not concentrate". 

Definition 3.1. Let Q C be a domain (possibly unbounded) and let \^ be a 
finite dimensional euclidean vector space with norm |-|. Furthermore, let m„ be a 
sequence in W'^'^^fl; V), where k & Nq and p G [1, oo), and let a be a multiindex 
with length \a\ < k. We say that (m„) does not concentrate in W'''P{Q;V) if 



sup / \D°'Un\ dx — i> uniformly in n G N, for every \a\ < k. (3.1) 

Ean, \E\<s Je '^^0 

We say that (un) is tight in W'''P{il; V) if 

/ \D°'Unf dx — > uniformly in n G N, for every \a\ < k. (3.2) 

Jn\BR{o) 

If both (13.11) and (13. 2p are satisfied we say that m„ is equiintegrable in W^'''^{fl; V). 
To describe a possible lack of tightness in greater detail, we employ following two 
terms: We say that (m„) does not spread out in W'^'P^Q; V) if 

/ min{(5, \D°'Unf} dx — > uniformly in n G N, for every \a\ < k. (3.3) 

Jn -^^o 

Finally, we say that (u„) is vanishing in W^'''^{Q] V) if 



sup / \D"un\ dx — > for every \a\ < k. (3-4) 

Remark 3.2. 

(i) If g < p, any sequence which is bounded in W^'^^Q; V) does not concentrate 
in W^''^{Q; V), as a consequence of Holder's inequality. 

(ii) Observe that (13. 2p implies (13. 3p . i.e., every tight sequence does not spread 
out. A typical example for a sequence "purely" spreading out in Lp(M^) is 
Vn '■= n'^/'^XEn with any sequence of measurable sets satisfying \En\ = 
Cn^ for a constant C > [En := -Bn(O), e.g.). Here, Xe denotes the 
indicator function of the set E given in the index. Carefully note that 
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if a bounded sequence in Lp(M^) does not spread out and is vanishing 
at the same time, this still does not imply strong convergence to zero, 
unless additional assumptions are made (cf. Lemma [331) . For instance, the 
sequence XEn of indicator functions of 

En := {(xi,. . .,Xn) I < n^-^ and \xj\ < n'^ for j = 2, . . . , N] C 

provides a counterexample. 

(iii) If q < p, any sequence in W'^''^{Q; V) which does not spread out in 
W''''^ also does not spread out in W'''^. In particular, note that (13.31) makes 
sense even if some or all of the members m„ do not have finite norm in W^'^. 



3.1 Auxiliary results 

We first record an interesting relation between spreading and vanishing. 

Lemma 3.3. Let Q C be an arbitrary domain and let p G [1, oo). If («„) is 
a bounded sequence in W^'^iQ; M^) which does not spread out in LP{n; R^) and 
which is vanishing in WiVt; R^'^), then — strongly in WiVt] M*^). 



Postponing the proof for a moment, we now state three results forming the ba- 
sis for a decomposition lemma associated to the truncations introduced below. 



which essentially comes down to verifying ( |0:2[ ) in each case. Actually, they are 
decomposition lemmas for sequences in . For instance, in Lemma [3.41 the cor- 
responding decomposition is Vk{n) = Vn ° Vk(n) + (idR -r^n) o Vk(n)- Lemma [331 
is a close relative of Chacon's biting lemma (for the latter see [22], e.g.). In its 
essence, it is well known; in particular, it is implicitly proved in [TT] in case of a 
bounded domain, with an argument involving Young measures. By contrast, the 
proof given below is elementary. 

Lemma 3.4. Let Q C R^ be an arbitrary domain (possibly unbounded) and 
p G [l,oo). Then every bounded sequence (vn) C L^{^1) has a subsequence {vk(n)) 
such that the sequence {rjn o Vk(n)) does not concentrate in L'^{^1), i.e., 

sup / |?7nbA:(n)(a^)]r c^a^ — ^ 0, Uniformly in u G N. (3.5) 

Ecn, \E\<5 Je ^-'^ 

Here, for every A > 0, 

A «/i G (A, oo), 

Tlx -.R^R, Vx{t)-={ t ifte[-X,X\, (3.6) 

-A ift G (-00, -A). 
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Lemma 3.5. Let Q C be an arbitrary domain and p G [l,oo). Then every 
bounded sequence C has a subsequence (ffc(n)) such that {xn ■ '^^(n)) is 

tight in L'p{Q), i.e., 



n\BR(o) 



\Xnix)vk{n)ix)\^ dx — > 0, Uniformly in n eN. (3.7) 

R^oo 



Here, 

Lemma 3.6. Let VL C be an unbounded domain and p G [l,oo). Then every 
bounded sequence C L'^iVt) has a subsequence {vk{n)) such that 

sup / mm.{5,\vk{n){x)y} — > 0, uniformly in n Ef^. (3.9) 
Ean, \E\<nJE '5^0 

In particular, the sequence Wn '■= Xe„ ' Vk{n) does not spread out in L^{^1) if En is 
an arbitrary sequence of measurable sets satisfying \En\ < n, where Xe„ denotes 
the indicator function of the set En. 



Proofs of Lemma I3.3l -Lemma 13.61 

For the proof of Lemma [331 we need Poincare's inequality in the following form: 

Lemma 3.7. Let D C be a smooth bounded domain, Bi := -Bi(O) the unit 
ball in and p G [1, oo). Then for every v G Wq'^{D), we have that 

< \B,\-^ \{v ^ 0}|^ ||Vt;||^,(^) , (3.10) 
where S = S{N,p) > is the optimal Poincare constant on the unit ball, i.e., 

S := inf |||Vti;||^p(s^) w G Wq'^{Bi) and = l| 

Proof. By rescaling the variable and Schwarz rearrangement (or spherical sym- 
metric rearrangement, as it is called in |4J), the assertion can be obtained as a 
consequence of Poincare's inequality on Bi. We omit the details. □ 

Proof of Lemma \3.3l We only consider the scalar case M = 1, the general 
case can be obtained by arguing component-wise. Define a sequence 



p+i 



sup / \Un{x)f dx 



Stefan Kromer and Markus Lilli 



15 



where m„ is extended with zero outside of fl. Moreover, for x G let 

Un{x) - 6n if Un{x) > 5„, 

Vn{x) := <( Un{x) + 5n if Un(x) < 

elsewhere, 

which defines a function in Wl'^iVt) C W^'^^M.^). Note that for every measurable 
set E (ZVL, 



\Lp{E) 



— \\'^n\\iP(^E) ^'^^ II^'^"IIlp(_E) — I l^'^'il Ilp(_E) • 



Since u„ does not spread out in WiVL), Un — Vn ^ strongly in L^. Hence it is 
enough to show that f„ — > in L'". Our choice of 6n entails that 

\{x e B,iy) : > < [ \u^{x)f dx < {5^y+\ 

for every y E M^. Since m„ is vanishing in L^i^), we infer that 

\{x e Bi{y) \ Vn{x) ^ 0}\ < 5n ^ 0. (3.11) 

n— >oo 

Now choose a covering of by a countable family of unit balls B^'^^ = Bi{yi) 
(i e N), locally finite in the sense that 

each a; G is contained in at most J different balls B'^'^\ (3-12) 

where J = J{N) G N is a constant. By a suitable corresponding smooth partition 
of unity, f„ can be decomposed into a locally finite sum 

= ^wW, where w» G W^'P{B^'^). 

Moreover, 

K^V0}c5»nK^0} and ||V^i;«|Lp(b«) <Ci||t;„||^i„(^„), (3.13) 
where Ci = Ci{N) is a constant. By Poincare's inequality in the form f l3.10p . 

^^^Xhb^ < |5i(0)r" ^ 0}\-\\Vw'^X.iBi^^y 
Due to ( 1312)1 . (13131 ) and (EH]), adding up yields 



?; r < 



< J^'^-^'|5i(0)r-(Ci)P(5„)^J||t;„||^i„(^. 0, 
which entails the assertion. □ 



16 



On properness of quasilinear systems on unbounded domains 



Proof of Lemma \3.4[ We inductively define a chain (A;i,n(j))j of subsequences 



of j: Let A:i,o(j) := j for j G N. For fixed n G N, choose fci,n(j) as a subsequence 
of ki^n-iU) in such a way that |'7n['yA;i,„{j)] |^ dx converges in M as j — ^ oo. The 
diagonal subsequence inherits this property, i.e., for every fixed n, 

Si-= \'nn[vki{j)]\^ dx converges as j ^ oo, where ki{j) := kij{j). 
Jn 

Let 



5"^ := hm Si and ^oo := lim S^. 



Here, the limit 5*00 exists since S!^ is increasing, and Soo < sup^gj^ I I'^ml l2,p(n) < 
oo. Furthermore, there exists a subsequence k2{n) of n in such a way that 

~ ^n'l — ~ whenever j > k2{n). 

We claim that (13. Sp holds with k{n) := ki{k2{n)). For the proof, let e > 0. First 
choose a number no = riQ^e) G N such that 

which is possible since 

I qk2{n) qk2{n) I 
Pn "^no I 

<^ I 0^2 {«) Qoo I _|_ I Qoo c I I I C Q°<2 1 I I ck2(n) I 

— Pn "-"n I "T I'-'n ^oo| "T |Ooo O^^^ | "h | O^^^ O^^^ | 

n ' 'no 

and the last line becomes small if no is large enough and n> uq. It is enough to 
show that 

/ \r]n[vk{n){x)]\^ dx < e whenever \E\ < 60 := (3.15) 
Je ■^^o 

for every n G N and E C Q (measurable). We distinguish the two cases n < uq 
and n > no: In the former case, f l3.15p holds since 

/ |^nbfc(n)(a;)] 1^ dx <\E\n^ < - < 6 if n < uq and \E\ < 60, 
Je 2 
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E 



whereas in the latter case, we have that 

\Vn[Vk{n)ix)]\^ dx 

r 

{\Vn[Vk(n)ix)]\^ - \rino[Vk(n)ix)]\^) dx + / \r]no[Vk(n)ix)]\^ dx 
E J E 

< / {\nn[Vk{n){x)]\^ -\rino[Vk(n){x)\\^) dx +\E\nl 

Jn 

e e 

<- + - = £ ifn>r;,o and \E\ < Oq, 
due to (I3.14P and the definition of 5o- D 

Proof of Lemma \3.5l We proceed analogously to the proof of Lemma l3.4[ Just 
define E = E{6) := Q\ Bi{0), use Xn ■ Vm instead of //„ o Vm {n,m G N) and 

6 

replace the estimate 



K(n)(a;)]|^ dx < \E\ 

Je 



employed twice in the proof of (|3.15l) (where m = n or m = Uq, respectively) 
with 

/ \Xm{x)Vk{n){x)\^ dx < / \vk(n){x)\^ dx. (3.16) 

Je JEnBmio) 

Here, note that the right hand side of (13.16^ is zero (and thus smaller than e/2) 
if m < no and 6 < 60 := □ 

Proof of Lemma \3.6l For m G N define 

gm ■ (0, 00) -> [0, 00), gmit) := |{x G : \vmix)f > t}\ , 

which is a decreasing, upper semicontinuous function. Moreover, {gm)mm is a 
bounded sequence in L^((0, cxd)) since 



gm{t)dt = / \v^{x)\Pdx, 
Jn 

due to Cavalieri's principle. The latter also entails that 

sup / min{(5, |fm(x)|P} c/x < / min{n, gm{t)} dt = I \r]n{gm{t))\ dt. 

\E\<nJE Jo Jo 

where //„ is defined in ( 13. 6p . Lemma[331now provides a suitable choice of k{n). □ 
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3.2 Cutoff of outer regions in unbounded domains 

Let fl C be an arbitrary domain, M G N and p G [1, oo). 

Definition 3.8. For n eN and every function u : Q ^ M*^ define 

:= z/(|x| - n)u{x), (3.17) 

where : IR ^ M is a fixed function of class C°° which is decreasing on R and 
satisfies 



< Cj on (0, 1) 



z/(r) = 1 if r < 0, i/(r) = if r > 1, and 
for suitable constants Cj > (for example, Ci = 2 and C2 = 16 can be achieved). 

The maps (f)n^ are a family of truncation operators on PF^'P(fi; M^^): 

Proposition 3.9. Let C be a domain, p E [I, 00) and k E N U {0}. 

Then the family of linear operators 0n "* defined above satisfies (0^) and (0:2), 
for D = X = W'''P{n;R^). Moreover, (EH]) implies that (p^n\uk(n)) tight tn 
W"^'^{Q; M^^) for every pair m E {0, . . . , k} , r E [p, 00) such that X is continu- 
ously (but not necessarily compactly) embedded in W'^''^{fl;M.^'^). Conversely, if 
0n Vfc(n)) is tight in W'''P{n;R^^) then (El]) is satisfied. 

Remark 3.10. In particular, the family (pn'^ also is a family of truncation operators 
on X = W^'P{n;R^^) H Wo'P{n;R^^) and on X = l<'P(fi;M^-^) n Wo'\n;R^^), 
respectively, cf. Remark [2?4l (iv). Here, p,qE [I, 00) are arbitrary. 

Proof of Proposition \3.9\ . For brevity, we write 0„ instead of 0n ■* below. By 
definition, it is clear that the (pn are an equibounded family of linear operators 
on X. The limiting properties are also satisfied. Next, we prove ( |0:2D . Since the 
derivatives of u are bounded, we have that 

I |(0n - 0i)'"fc(n)| |,^fc,p(f^.ig.M) < C I |'"fc(n)| |^fc,p(f2nBn+i(0)\Bj(0);M*^) ' 

whenever j < n, where C > is a constant independent of j and n. Thus it is 
enough to show that 

lhMn)L^.p(nnB„+,(o)\B,(o);MM) — ^ Uniformly in 71 G N, (3.18) 

for a suitable subsequence Uk(n) of The subsequence is chosen with the help 
of Lemma 13751 subsequently applied to fi""* := \D'^Un\ for every multiindex of 
length \a\ G {0, . . . , k}. Then ( 13.181) is an immediate consequence (use 6 := 1/j), 
and the last sentence of the assertion follows by reasoning as above. It remains 
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to show that (12. ip implies tightness of (pn {uk{n)) in W"^'''{il] M*^). For the proof, 
observe that if X is continuously embedded in W"^'"^ , we may estimate 

I \ (t>niUk(n))\\^m.r(^Q\Bj+i{0);R^t) 

< \\i<Pn - 0i)K{n))||H/™.-(Q;MM) - I I " ("^ (")) I L*>P{n;KM) 

for every j < n, where C > is the embedding constant. The case j > n can be 
ignored, since then \ \Mukin))\\^„n,r^Q\B,+,{oyMM) zero anyway. □ 



3.3 Truncation of gradients above large levels 

Let fl C be a Lipschitz domain in the sense of Definition IA.5I (possibly 
unbounded) and X := H^q '^((]; R*^) n iyo'^(fi;R*0. We now want to truncate 
a function m G X by replacing it with a Lipschitz function (f)n\u) with a global 
Lipschitz constant bounded by a constant multiple of n. Ultimately, we thus cut 
off concentration of a sequence at sets of measure zero. The truncation of vector- 
valued functions rests on its scalar equivalent, Theorem IA.6I in the appendix. It 
is defined component-wise: 

Definition 3.11 (Truncation of gradients of vector functions above large levels). 
Let Q C R^ be a Lipschitz domain and 1 < q < p < oo. For n E N and for 
u = (Ml, . . . ,mm) e Vro'^(fi;R*0 n WQ'%n;R^'^), the truncation (l)^n\u) of u at 
level n, (f)'h\u) = [[(j)^n\u)]i, . . . , [(j)^n\u)]M) , is defined by 

[(l)^^\u)]r-= Mu^) for^ = l,...,M, 

where 0„ on the right hand side is the truncation of scalar functions obtained in 
Theorem IA.6I (with \ := n). Accordingly, we define 

M 

Ui). 



Remark 3.12. The truncation of a scalar function obtained in Theorem IA.6I is 
not uniquely determined. We choose one arbitrarily for every function u and 
every value of the truncation parameter A. For our purposes, this ambiguity 
does not matter since (IA.6ll - (lA.12ll . the only properties we exploit, are satisfied 
irrespective of the choice. 



All properties of the scalar truncation are inherited: 
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Proposition 3.13. Let Q C be a Lipschitz domain, 1 < q < p < oo and 

u e W^'^'in- M^^) n W^'^n- M^O- Then we have that 

\W(t)^^\u){x)\ + \(l)^^\u){x)\ < Con fora.e.xen, (3.19) 

u{x) = (p^n\u){x) for a.e. x e (3.20) 

fi\^"(M) < {CsY— [ |ur + iV^r /or r G [l,oo), (3.21) 

TT''' J{\u\ + \Vu\>^} 

and 

\{xen\\<p'i\u){x)\ + \V<P^^\u){x)\>6}\ 

< Ci |{x G I Comm{n,Mi\u\ + \Vu\){x)} > 5}\ for every 5 > 0, 



(3.22) 



where 7V1 is the maximal operator of Definiton \A.1[ Here, Co,Ci,C3 > 1 are 
constants which only depend on N , M and Q,. 

Proof. These properties are immediate consequences of the corresponding ones 
listed in Theorem IA.6I and Corollary IA.7[ Corresponding constants coincide up 
to a constant factor which only depends on M. □ 

For p > 1, the maps (f)n^ form a family of truncation operators on W^'^ fl Wq'^ in 
the sense of Definition 12.31 

Proposition 3.14. Let Q C be a Lipschitz domain, let 1 < q < p < oo 

(2,') 

and assume that p > 1. Then the family of (nonlinear) maps (pn on X : = 
Wo '^((]; M*^) n Wo'\n; M*^ introduced in Definition [X771 above satisfies (O 



and ( |0:2[ ). Moreover, 

— . u in Wq'^ n Wg'^ for every fixed u. (3.23) 



\u] - 

n—>oo 



The concrete meaning of (12.11) (or (12.31) ) in the present setting is as follows: 

Proposition 3.15. Let 1 < q < p < oo and let Q C be a Lipschitz domain. 
If (Un) C X := W^'^in-, M*^) n WQ''^{n; R^^) IS a bounded sequence which satisfies 
(I23|) then (f)^n\un) does not concentrate in W'^'^{Q]R'^^) , in the sense of Defini- 
tion \3.1[ If p < N then (f)n\un) also does not concentrate in LP*(f2; R*'-'^), where 

* _ pN 
f ■ N-p- 

Remark 3.16. The restriction p > 1 in Proposition 13.141 is not just technical. 
More precisely, neither ( 0:2D (for (pn^) nor the decomposition lemma (Lemma l3.21l 



below) hold if q = p = 1. For instance, consider 

«„:(-l,l)^M, Un:={ {n-l)t ifte[-i,i], 

iftG 1), 
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which is a bounded sequence in X = Wo'\{-l,l)). Now assume for a moment 
that (0^) is valid for m„, i.e., a subsequence Uk{n) satisfies (12.11) . Since the measure 
of {(pn {uk(n)) 7^ Uk{n)} couvcrges to zcro due to (13.201) and ( I3.2ip . there are two 
sequences t~, in (—1, 1) such that for every n G N, 

f- < —j^, tn > and <p^^\uk[n)){tt) = Uk{n){t^), and —^^ 0. 



n— >oo 



Hence 

[<p'^\ukin))ns)ds = + 1) - {-t- -1)^2^0, 



[in j^n ] 



which means that the first derivative [(f)n\uk{n))]' does concentrate (i.e., (13.11) is 
violated), contradicting Proposition 13.151 



Proof of Proposition \3.14[ For brevity, we write 0„ instead of 0n below. It 
is suffices to discuss the case p = q: As to (0^), observe that due to (I3.2ip . the 
measure of {(pmiun) 7^ 0} is bounded uniformly in n,m > 1 whence the norm 
in W^''P dominates the norm in W^'"^ for functions of this form in case p > q. 
Concerning the other assertions, the general case can be recovered by repeating 
the corresponding argument below with q replacing p. 

Due to (I3TT9D and IKM . |V0„(m)| + |0„(m)| < CqU a.e. in Q and 0„(m) = u 
a.e. on R^{u). Consequently, ( I3.2ip implies that 



||0„(m) ""I lH/l.P(n;RAf) 



< ( 2C^nP 



(iwf + iv^r) dx 



n\R"{u) 



<2{2{CoCsy + l)t[ I {\Vuf + \undx]\ 

'{|v«|+|«|>f }u(n\/?"(«)) 



(3.24) 



In particular, the maps (pn are equibounded in the sense of (|0:1D and (13.23^ holds. 



Last but not least, we verify ( |0:2D . We have to show that every bounded sequence 
(un) C '^(fi; M*^) has a subsequence {uk{n)) such that 



(|V(0n-0j(n))K(n))r+ I 



0. 



(3.25) 



for every sequence {j{n)) C N with j{n) ^ oo as n ^ oo and j{n) < n for every 
n G N. As a matter of fact, (I3.22p allows us to estimate the left hand side of 
(I3.25P in such a way that Lemma [331 can be applied. To achieve this, we proceed 
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as follows 
1 



OV I il^i^t^n- (l)j(n)){Uk(n))\'' +\{(t)n- (l)j{n)){Uk(n))\^) dx 

^ Jn 

< 7^ / {\'^{<Pn-(pj{n)){Uk{n))\^ +\{<Pn-<Pj{n)){Uk{n))\^) dx 



since 



(pn{Uk(n)) = Uk{n) = (t)j{n){Uk{n)) Oil ^^("^ H RJ" by (!3.2()p 



< / (?/n,n)^ dx+ {Uj{n),nY dx 

Jn\{Ri("')nR") Jn\(_R^(")ni?") 

where f/rn,„ := |V0m(Mfe(„))| + \4>m{uk{n))\ e ^^(il) 

< sup / [Comm{n,Vk(n){x)}Y dx + sup / [Cq min {j{n),Vk{n){x)}Y dx 

|E|<7„ J_B l-B|<7n 

due to (I3.22P and Cavalieri's priciple, where 
E can be any measurable subset of R^, 
7„ := |n\ n^")|, and 

M ( I Vm„ \ + \uJ){C-^ ""x) (cf . Definition [O) 



|S|<7„ 



|i?l<7, 

Since by ((321]), 

7n = |(^^ \ ^^■("^) U \ ^")| < icy (-^ + ^) supj|n„|r^,„(^^^,,) 0, 

Lemma [331 applied to Vn G Lp(M^) yields the desired subsequence k{n). Here, 
Vn is a bounded sequence in ^^(IR^) for p > 1 due to Lemma [A.2I □ 

Proof of Proposition \3.15l For brevity, we write 0„ instead of 0n below. We 
first show that (pn{un) does not concentrate in M^^). Let e > 0. Due to 

f l2.3p . there exists j = j{e) G N such that 

\\{4>n- 0i)K)||^i,p(f2.jjM) < for every n > j. 

We claim that as a consequence, 

110 ?i('Wn) I |(^i,p(^.]jM-) < £^ if l-El < uniformly in ?t- G N, 

where Sq := |(4Coj)~^. Here, Co > is the constant introduced in ( 13.19p . In 
case n > j we have 

||0n(Wn)||^l,P(£;.]jM) < 2^ \\i4'n — '/'j) ("^n) | |^l,p(£;.]gM) + 2^ | | | |^i,p(-£;.]gM) 

< 2^ ||(0„ - 0,)K)irvK.p(n;MM) + (4Co)^/ 
■=2 + 2= = 
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provided that \E\ < 60. On the other hand, if n < j, 

WM^nW^.^.^E) < {2Conr\E\ < {2Cojr\E\ < ^ < ^ 

whenever \E\ < Sq. Finally, in case p < N, first recall that W^'P{Q;M.^'^) is 
continuously embedded in LP*(fi;M*^). Hence we also have that 

1 1 (0n - (pj){un) I l^p* (f^.^M) < |2-P* for every n> j, 

for a suitable j = j{e). Arguing analogously as above with := |(2Coj)^^*, we 
infer that 0„(m„) does not concentrate in □ 



3.4 Truncation of gradients below small levels 

As before let Q C be an Lipschitz domain in the sense of Definition lA.Si 
Although domains with finite measure are allowed from a technical point of view, 
the way of truncating described below only has practical meaning if the measure 
of n is infinite. We want to truncate a function u G l^o'^(fi; ^ Wq^VI; M^) 
by replacing it with a function 0n (u) such that (pn {u) is zero outside a set of 
finite measure and such that ||m — (l)n\u)\\w^,°° is bounded by a constant times 
^. In the applications, we use this way of truncating as a method to identify 
and extract components of a sequence which are "purely spreading", i.e., which 
converge to zero in W^'°° while staying away from zero in the norm of W^''^r\W'^'''. 
The definition of (pn^ is based on Theorem IA.61 which also holds for arbitrarily 
small truncation levels. 

Definition 3.17 (Truncation of gradients vector functions below small levels). 
Let fl C be a Lipschitz domain, 1 < q < p < 00, n E N and u = 
(Ml, . . . , Um) e Wo'^'in; M^^). The truncation (j)^n\u) = ([#(m)]i, . . . , [Mu)]m) 
of u is defined by 

[(f)^^\u)]i := Ui - 4>i/n{ui) for i = 1, . . . , M, 

where on the right hand side denotes the truncation of scalar functions 
introduced in Theorem IA.6I (with A := l/n). Accordingly, we define 

M 

B}/^ = rV^{u) := P|^i/"(m,). 

i=l 



From Theorem IA.6I and Corollary IA.7I we inherit the following properties: 
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Proposition 3.18. Let Q C be a Lipschitz domain, I < q < p < oo, n E N 

and u G Vro'^(fi; M*^) n V^o''(^^; M^). Then we have that 

\V[u-<pf{u)\{x)\ + \[u-<p^^\u)]{x)\<cJ^ fora.e.xen, (3.26) 
0{f)(M)(x) = O for a.e. X e R^'''{u), (3.27) 

^ \ R'^'^iu) < (CsYn'' [ + iV^r dx 

^{^>M+lv.l>^} 

+ (C3)'^nl+'3(r-l) /■ l^jr ^ |y^|r- 

J{|„| + |V«|>^} 

/or r = p,q and /? G (0, 1] arbitrary. Moreover, 

— |f2 \ _R^/"('u) I — ^0 for r = p,q and every fixed u, (3.29) 



(3.28) 



n' 

and 



\{x en\\[u- 0f («)](^)| + Mu- <l>iHu)]{x)\ > 5}\ 

< Ci |{x G I Comm{n-\M{\u\ + \Vu\){x)} > 6}\ 



(3.30) 



for every 6 > 0, where M. is the maximal operator of Definiton \A.1[ Here, 
Co, Ci, C3 > 1 are constants which only depend on M, N and fi. 

Proof. Taking into account the definition of 0n ■* and -R^/"(m), the assertions are 
due to flA.611 . (IA.7D . flA.llI) . (IA.12I) and (|A.9D . respectively. The constants in 
these statements coincide with corresponding ones in the assertion up to a factor 
which only depends on M. □ 

If g > 1, the maps 0n ■* form a family of truncation operators on Wq'^ fl Wq'^ in 
the sense of Definition 12. 3[ 

Proposition 3.19. Let 1 < q < p < 00 and let Q C be a Lipschitz domain. 
Then the family 0^^^ (n e N) of maps on X := Wo'^^in-^R^) n iyo'^(fi;M*0 
satisfies and ( |0:2D . Moreover, 

0(f) (m) — ^ u in Wq'^ n Wq'", for every fixed ueX. (3.31) 

n— >oo 

In the present setting, the concrete meaning of the property (12.11) (or (12.31) ) in 



!):2) is as follows: 



Proposition 3.20. Let VL C a Lipschitz domain and let 1 < q < p < 00. If 

2S a bounded sequence which satisfies 
(12. 3p /or 0„ = ^n"*, t/«en (j)n\un) does not spread out in W'^'''{Q;'K^^) , in the 
sense of Definition \3.1\ 
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Proof of Proposition \3.19\ . To simplify notation, we write (j)n = (pn below. 
It is enough to discuss the case p = q; the general case can be recovered by 
repeating each argument with q replacing p. Due to (13.261) and (13.271) . we have 
that 



{\v[u-<i>M]\' + \u-Mu)n dx 

r 1 ^ , (3.32) 

< / (iv^r + i^n dx + 2{CoY— ^ \ 

J{\yu\+\u\<Co^} nP 



Using f l3.29p . we obtain (13.311) . and (0^) is a consequence of (13.281) for /? = 1 



Last but not least, we verify ( |0:2D . We have to show that every bounded sequence 
(m„) C M^^) has a subsequence {uh{n)) such that 



for every sequence {jin)) C N with jin) 
ra G N. First note that 



oo as n — > oo and jin) < n for every 



7(n) := MnP, with M G N fixed such that M > 2{C3Y sup ||Mm||wi 



meN 



satisfies 



7(n) > sup ^] \ n /?^/"K)) 



meN 



(3.34) 



as a consequence of (I3.28P and the fact that n > jin). We now estimate the left 
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hand side of (I3.33p . For every /i G N, we have that 

' {\'^{4>n - 4>j{n))iUh)\^ + \ {4>n- 4>j{n))iUh)\^) dx 

n 



2P . 

^ -/n\(Ri/i{")ni?i/") 

since (pniuh) = on i?^/" = R^^"'{uh) and 
'Pjin){uh) = on = Rmn)^uh) by ((3221) 



< / {Un,hf dx+ {Uj(n),hY dx 

7n\{i?,i/^(")nRi/") Jn\(j?i/j(")ni?i/") 

where Um,h ■= |V(uh - (f)ni{uh))\ + \uh - </>m(Mfc)| G LP{^1) 

< sup / (f/„,/i)'' (ix + sup / [Uj(n),hY dx 

\E\<-y(n)jE \E\<-yin) J E 

due to (13.341 ) ■ where E can be any measurable subset of Q 

< sup / [Co min \^n~^ ,Vh}Y dx + sup / [Cq min \^j{n)~^ ,Vh}Y dx 

\E\<'-i{n) J E \E\<-i{n)jE 



due to (13.301) and Cavalieri's principle, where 
E can be any measurable subset of and 

Vh{x) := Mi\Vuh\ + \uh\)iC^^x) (cf. Definition [All 

|£;|<7(n) 

Hence, Lemma [331 applied to the sequence C Lp(R^) (which is bounded in 
LP for p > 1, due to Lemma [A. 21 ) yields a subsequence k{n) of n such that (13.331 ) 
is satisfied for h{n) := k{'y{n)). □ 

Proof of Proposition \3.20L Again, we write 0„ instead of 0n ■* below. We first 
verify that V0„(m„) does not spread out in L^(f2;M^). Let e > 0. Due to ([231) . 
there exists j = j{e) G N such that 

l|V(0n - 4>j){un)\\l,^^.^M) < |2"'? for every n > j. (3.35) 

It is enough to show that for any 5 > 0, 

[ mm{S, |V0„(M„)n dx<e for every n E N/ii 5 < 5o := ^{2C3jS)-''. (3.36) 
Jn 2 

Here, C3 > is the constant introduced in (|3.28l) . and S* > is a constant 
such that ||0m(wn)||vi/i'? — "S*, uniformly in m,n G N. For n < j, (I3.36P is a 
consequence of the estimate 

sup mm{6,\V(j)m{un)\''}dx < sup 6 \{(j)m{un) ^ 0}\ < 6{C3jSy, 

neN,m<j Jft n€N,m<j 

(3.37) 
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which is due to (13.271) and (I3.28p . On the other hand, if n > j, 



mm{6, \ V(f)n{unW}dx 

<2^ [ min{5,|V0„K)- V0,K)r}c^x + 25 [ min{5, | V^^MT} c^x 
Jn Jq 

< 2'? / |V0„K) - V(/.,K)r dx + {2CsjSy5 <'- + ^ = e 



provided that b < b^, due to (13.35P and (I3.37p . Analogously, we infer that (f)n{un) 
does not spread out in L^i^Q; M^^). □ 



3.5 A decomposition lemma 

Consider a sequence in Wq'^{Q) fl Wq'^{Q) and three subsequences {ki{n))j 
of n, i = 1,2,3. A subsequence of then decomposes as follows: 



= f/° + U^ + Ul + Ul + f/„^ with k{n) ■= hihihin))), 



(3.38) 



where 





[ / 


o 




O 


( 


A2) 

Pki(hi{n)) 


\ {Uk{n) 




[ I 


o 




o 


(/ 


- A}{k3{n))) 


\ {Uk{n) 




[ I 


o(/ 




o 


(/ 




\ iUk{n) 




[ <Pf 


o(/ 




o 


( 


^ki{k-i{n)) 


\ iUk{n) 






o(/ 


~ ^ksin)) 


o 


( 


*^ki{k3{n)) 


\ {Uk{n) 



(3.39) 



Combining properties of 0n 



(1) 



and ^ derived above, we obtain 



Lemma 3.21 (decomposition lemma). Let 1 < q < p < oo and let (m„) be 
a bounded sequence in X := iyo'^(fi;M^^) n PFg '^(fi; M*^), where Q is a Lip- 
schitz domain in in the sense of Definition \A.5l Then each of the sequences 
U^,...,U^ defined m (1X391 ) is bounded in W^'^iQ) n W^'^n). Moreover, there 
exist three subsequences ki{n), k2{n) and k^{n) of n such that ( I3.40p below holds 
in each of the cases (i)-(iv) listed thereafter. For any such choice, the component 
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sequences f/°, . . . carry the following properties: 

(a) f/° is equiintegrable in W^'^, W^''^ and L^* . 

(b) Ul is tight in W^'P, W^''^ and W' , and |{f/i ^ 0}| — > 0. 

n— >oo 

(c) Ul^Qin <f , and \{Ul ^ 0}| — 0. 



(d) f/^ does not spread out in W^''^ , — > in W^^^ , 

n— »oo 

and does not concentrate in W^'^ and U* . 

(e) — > m 

Here, p* := if p < N, whereas p* > p can be chosen arbitrarily (but fixed) 
above if p > N. The subsequences ki{n), k2{n) and k^{n) have been chosen in 
such a way that 

m ~ '^lYmJ {'"h(m)) — > in X, for every sequence {j{m)) C N 
with i{m) — > oo and j{m) < m for every m eN, 

n— +00 

holds in each of the cases 



(i) 


i = 


2, 


h{m) 


= k2{ 


», 


Vh(m) 






(ii) 


i = 


1, 


h{m) 


= kii 


», 


Vhim) 




[Uk2{h(m))), 


(iii) 


i = 


1, 


h{m) 


= kii 


», 




= {i-^ 




and (iv) 


i = 


3, 


h{m) 


= ksi 


», 




= [ii- 





Remark 3.22. 

(i) The terms "equiintegrable", "does not concetrate", "does not spread out" 
and "tight" are meant in the sense of Definition 13. li 

(ii) In (c) and (d), respectively, it is possible that U!^,U^ ^ Wl;^{n;R^^), for 
some or even every n. If Ki is a sequence in X, by saying that Vn in 
^ioc°' mean that 

for every R> 0, there is some uq = uq^R) sufficiently large 
such that Vn G iy^'°°(5/j(0) n Q; M^^ for every n > no, and 
IIKII yi/i,oo(^^(o)nf7;RM) for every fixed R. 

(iii) The sequence f/^ eventually vanishes on fixed every bounded subset of fl, 
i.e., for every R > 0, there is a = ^o(-R) sufficiently large such that 
U^{x) = for a.e. x G fl -Br(O) if n > %. This property does not 
necessarily hold for U^, because (pn^ typically modifies the support of its 
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argument. If desired, it can be regained artificially in case of U^. For that 
purpose, pass to another subsequence tt^^ of m„ (with k{n) := k{n'^~^^)) 
and use the following modification of (13.39j l: 

Ul:=Ui^^, for J = 1,2, 3, 

U'n ■■= (I - 0i'^)(f/„Vi) and := t/„Vi + ^i^Hf^nVO- 

Here, the main change is the term (f)n\U^N+i) which was transferred from 
to U^. It has no infiuence on the relative compactness of Un- As a matter 
of fact, ^^n\u^r,+i) strongly in W^'^ , W^^p and W^^'^. 

(iv) In (d), if [/^ does not contain a "moving bulk of mass" in L'', i.e., if f/^ 
is vanishing in L«(r];M^O), then f/^ strongly in L'?(n;R^), due to 
Lemma lXSl In this case, we automatically have that f/^ — > in W* {VL; M*^), 
too, since f/^ does not concentrate in U** (and q < p*). 

(v) In the assertion of Lemma 13.211 condition (13.401) governing the choice of 
subsequences and the exact definition of the component sequences f/^ are 
explicitly stated to provide an interface for the application of our abstract 
results, Theorem 12.71 and Theorem 12.81 

(vi) The cases (i)-(iv) for (13.401) consist of all possible combinations of i G 
{1,2,3}, m = m{n) G N, {h{m))m C N and {vh{m))m C Wq^{Q) such that 
4>m{vh{m)) matches an expression contained in (I3.39p . 



Proof of Lemma \3.21i Recall that each of the three families (pn {i = 1,2,3) 
satisfies (|0:lD and (|0:2D, as shown in Proposition [331 Proposition [3T4] and Propo- 



sition [SITH respectively. In particular, they are equibounded, whence f/°, . . . 



are bounded sequences. The subsequences ki{n) are chosen using (0^): First, 
choose k2{n) such that ( I3.40p is valid in case (i), then choose ki{n) such that 
( I3.40p is valid both in case (ii) and (iii), and finally choose k^^n) such that (I3.40p 
is valid in case (iv). As to the properties of f/°, . . . , in (a)-(e), first note that 

Vji^^ := (j)n\'^k2{n)) does not concentrate in VT^'^ and , 

Kl"^ := ° </>!?(„)] i^k^ikAn))) is tight in W'P, W''^ and L^*, 

Ki"^ := ° {I - 0Mn))] {uk,(Mn))) is tight in W''^, W'^^ and L^', and 



\/(iv) 



(I 



) ° ^kiikain))] does uot Spread out in W'^'' 



due to (13.401) and Proposition l3.15l Proposition 13. 91 and Proposition 13.201 respec- 



tively. (As to Vn^\ recall that k{n) = k2{ki{k3{n))) .) In particular, f/° = V^V^ 



(ii) 
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and f/^ = are tight in W^^p, W^^'^ and L^*, and Ul = V^"^ does not spread 

out in W^'P. Moreover, 

<^nn^fci(n)) and (/ - 0i^^)(V;f(„)) do not concentrate in W^'P and L^*, 

since does not interfere with this property. Neither does (j)n^ (cf. (I3.26P ). 
whence t/° and do not concentrate in W^'^ and L^* (and thus they do not 
concentrate in W^'"^, cf. Remark 13.21) . Furthermore, t/^ — in W^'°° due to 
( 13.26p . As a consequence of the properties of 0„ collected in Proposition 13.131 
and the definition of \{x e n \ U^{x) ^ 0}| ^ as n ^ oo, for s = 1, 2. The 
definition of (pn^ also entails that 



U^{x) = for every x G Bk^(^n){0) H Q. 



In particular, ||f^n||vi/i.°°(BH(o)nQ) n ^ oo, for every fixed R > 0. Since 
||(J — 0n^)(f/^)||^i^^^^ ^ by (I3.26p . the latter also holds for in place of U^; 
recall that [/3 = [/2-(/- 0(f)) (f/2). □ 



4 Quasilinear systems in divergence form 

Let Q C (A^ G N) be a Lipschitz domain in the sense of Definition IA.5I 
(possibly unbounded), 1 < q < p < N and M G N. We consider quasilinear 
differential operators of second order of the form 

F:X^X', with X := W^'^in; R^'^) f] W^'''{n; M*^), defined by 

r (4.1) 

F{u)[ip] := / Q{x,u,'Vu) : Vip + [gi{x,u,'Vu) + g2{x,u,'Vu)] ■ (pdx 
Jn 

for every m G X and every test function y9 G X. Here, : and ■ denote the euclidean 
scalar products in R^^^^ and M^^, respectively. X is a Banach space with the 
canonical norm \\u\\-^ := + ll^llvi/i,.? and X' denotes the dual of X. We 

assume that 

Q: nxR^' X M*^^^ ^ M*^^^ is a Caratheodory function and (Q:0) 
Qj-.Qx M^^ X R^'^""^ R^'^ is a Caratheodory function for j = 1, 2, (g:0) 

i.e, the functions are measurable in their first variable x and continuous in the 
other variables for a.e. x & fl. To state the remaining assumptions, the following 
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abbreviations are useful. For a, g & [0,q — 1], x & ft and s,t & [0, oo) we define 
Ha{x,s,t) := C{hq{x) + s + ty~^~'" + C {hp{x) + s"i +ty~^''', 



(4.2) 



Ia{x, s, t) := C {hg{x) + s + ty^"" + C {hp{x) + + ty^"", 
Js{x,s,t) := h^{x){s + ty'' + [h,{x)]'{h,{x) + s + ty~'~' 

+ [hp*ix)]'{hp*ix) + s + t^Y''~'~'. 

Here, C > is a constant, p* := > p is the critical Sobolev exponent, 

hr denotes a fixed nonnegative function in U{fl) if r e [l,oo), and 

hoo £ L°°(Q) is nonnegative and satisfies ||^oo||Loo(n\s«(o)) ^ — ^ ^- ^^''^^ 

We assume that Q, gi and g2 satisfy the growth conditions 

\Q{x,fi,0\<Ho{x,\fi\,\C\), (Q:l) 



and 



\gi{x,fi,C)\ < Io{x, , 1^1), 

\g2{x,i^,^)\ < Jg{x, , 1^1), for a ^ e (0,g- 1], 



(g:l) 



for a.e. x e fl and every e x M^''^. Here, recall that W^^ is continu- 

ously (but not compactly) embedded in L^* for arbitrary domains. For Q and gi, 
we also assume a kind of Holder continuity with respect to the last two variables 
which is uniform in x: 



There is an a G (0, q — I] such that 

\Q{x,l^l,^l) - Q{X,I^2,^2)\ 

* 

< Ha{x, + \ll2\ , 161 + 161) (1/^1 - fJ'2\ + IfJ'l - /^2h + 16 -61 } 



(Q:2) 
(g:2) 



\gi(x,iii,^i) - gi(x,ii2,^2)\ 

P* 

< laix, l^il + |^2| , 161 + 161) ( 1/^1 - /^2| + IfJ'l - fJ'2\~ + 16 - 61 

for a.e. x E fl, every /Xi,/i2 G R^ and every 6)6 ^ M.^^^ . 
Remark 4.1. 

(i) Our assumptions include the case of a lower order term with critical growth 
in u, a prototype of which would be gi{u) = 7 \uf with some 7 e R. 
Examples of admissible terms including the gradient are 

p*-l p*-(l+e) 

gi{x,'Vu) — 7(0;) |Vm|^ p' ov gi{x,u,'Vu) — r{x) \Vu\^ \u\^ u, 

where e G (0,p* - 1] is arbitrary but fixed, 7 G L°°(Q;R^) and F G 
L°°(0;E^^^). 



32 



On properness of quasilinear systems on unbounded domains 



(ii) In the context of this section, there is no technical necessity to assume that 
F maps X into its dual. We chose that framework simply for notational 



convenience. As a matter of fact, with suitably modified assumptions (Q:0)- 



( Q:2 ) and ( |g:Op -( [g^ , the results below remain true for example if F 



Xi (X2)', with Xi = Wq'''' n Wo'"' and X2 = PFq'^' n W^''^\ where 
1 < gi < Pi < and 1 < q2 < P2 < N are arbitrary. In this more general 
setting, the examples above can be replaced by 

(7i(x, M, Vm) = 7(x) IVm] ''a or M, Vm) = r(x) I Vm| ''a u 
with e e (0,^2 - !]• 

(iii) Terms with so-called natural growth with respect to the gradient are ruled 
out, such as 

Vm) = 7 I Vu|^ u, for some 7 G M. (4.4) 

Even if for some reason F is studied only on a set is bounded in L°°, 
this example does not fit into one of the generalized settings explained in 
(ii) (unless p2 > N, which is a much simpler case). On the other hand, 
it is not entirely clear when such a term leads to a well posed equation, 
even on bounded domains. If the leading part is elliptic {Q is monotone 
in a suitable sense), typically an additional one-sided growth condition (in 
the scalar case) or an angle condition (in the vector case) are assumed to 
obtain existence of a solutions to the Dirichlet problem. Both lead to a sign 
condition on 7 in the example (14. 4p . See [6], [H] and [3] and the references 
therein for some results in that context. 

q p 

The Nemyskii operator associated to Q maps into the vector space L-j-i +Lp-i, 

q 

and the range of the Nemytskii operator associated to gi and g2 lies in L^-i + 
* 

Lp*-i . With a natural norm, these sums are Banach spaces. Let 



L:in;V) :- 



L^{n;V) +L'{n;V) if r < s, 
uln;V)nL'{n;V) ifr>s, 



where s,r G [1, 00] and V is an euclidean vector space. The corresponding norm 
is given by 



\u\ 



inf { ||f 11^,. + I V G w & U and v + w = u] if r < s, 

1 H^ll^^r + ifr>s. 



Remark 4.2. 

(i) Roughly speaking, functions in decay like functions in L'' as |x| 00 
(x G fi), while their restrictions to sets of finite measure always belong to 
U. If 1] has finite measure, we have Ll{n) = L^(fi) nL^ (fi) = L"^^^^^'^>(fi) 
and the three associated norms are equivalent, for arbitrary r, s G [1, 00]. 
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(ii) For r, s G [1, oo], s' := ^ and r' := we have Holder's inequality in the 
form 



|m ■ rl < llttll rr' \\W 



for u e Ll',{n; M) and w G L^(n; R). (4.5) 



(iii) If s,r G (1, oo), the set also can be described as follows: 



L^'(fi; V) = < u : ^ V measurable 



Al{\u{x)\) dx < oo 



n 



the Orlicz class with respect to the 'W-function" 



Am 



iftG [0,1], 
if t G [l,oo) 



Moreover, is isomorphic to the Orlicz space L^r associated to A^. For 
general information on Orlicz spaces, the reader is referred to 

(iv) For r, s G (l,oo), s' := ^ and r' := L^', is isomorphic (algebraically 
and topologically) to the dual of LI, with respect to the dual pairing 

J : Ll',{n;V) ^ [Ll{n;V)]' , J{u)[^] := [ u{x)-^{x)dx. 

Jn 

Here, u ■ ip denotes the scalar product of u and ip in the euclidean vector 
space V. 



Proposition 4.3. Let I < q < p < N , q' := p' := andp*' := where 

P* = Iv^' ^'^^ assume that ( Q:0 )-( Q:2 ) and ( |g:0P -( [gl2l ) are satisfied. Then the 
Nemytskii operators 



Q:X Ll,{n-. 

~g,:X-^Li:\n-: 

~g,:X^L^:\n-. 



, Q{u,U){x) := Q{x,u{x),U{x)), 

gi{u,U){x) := gi{x,u{x),U{x)) and 
g2{u,U){x) := g2ix,u{x),U{x)) 



are well defined and continuous on 

X:= [Li{n;R^'^)nLP'{n;R^)] x [L«(0; M^^^) n ^^(r]; 



t>MxN 



where \\iu,U)\\^ := \\u\\^, + \\u\\^,, + \\U\\^, + \\U\\ 



LP ■ 



All three operators map bounded sets onto bounded sets. Furthermore, Q and gi 
are uniformly continuous on bounded subsets of X , and g2 satisfies 



sup_ \Mu,U)\\^,,> 
sup sup \\g2{u,U)\\ 

{u,U)&W Ecn,\E\<S V ^""'^ > 



R^oo 



<5\0 



0, and 



(4.6) 



for every bounded subset W C X. 



34 



On properness of quasilinear systems on unbounded domains 



Before moving on to the proofs, we state the main results of this section. As a 
matter of fact, Lemma [3.211 Theorem 12.71 and Theorem 12.81 combined yield 



Theorem 4.4. Let 1 < q < p < N and let Q be a Lipschitz domain in in the 



sense of Definition \A.^ Let {ur. 
Wo'^niR^^) and let 

Uk(n) 



he a hounded sequence in 



ul + ul + ul + ul + ut 



n 



denote a suhsequence of Un chosen via Lemma Y3.21\ (with k{n) = k2{ki{k^{n))) ) , 
where U^, . . . G X are its bounded component sequences with the properties 
(a)-(e) listed therein. Furthermore, let F : X ^ X' be the operator defined in 
(14. ip . and assume that ( Q:0 )-( Q:2 ) and (g^)-(g^) are satisfied. Then we have 
that 



(4.7) 



i=l 



Moreover, if F{un) converges in X' then each of the five summands in (14. 7p 
converges to zero in X' . 

Theorem 14.41 can be used to characterize properness of F on bounded subsets of 
X as follows: 

Theorem 4.5. Let Q be a Lipschitz domain in M^, let I < q < p < N and define 
P* = iv3~ • Furthermore, let F : X X' denote the operator defined in (|4.1I) and 
assume that ( Q:0 )-( Q:2 ) and ( |g:0P -( [gl2l ) are satisfied. Then 

(i) F is proper on closed bounded subsets of X 

if and only if 

(a) every bounded sequence («„) C X which satisfies 
at least one of the five alternatives below, i.e., 

(a) F{un) converges in X' , and 

Un is equiintegrable in W^''^ , W^''^ and L^* , 

(b) F{un) F{0) in X', ^ 0}| ^ 0, and 
Un is tight in W^'P, PF^'^ and L^* , 

(c) F{un) ^ F(0) in X', Un^Om W^^^ , and \{un 7^ 0}| 

(d) F{un) F{Gi) in X' , Un does not spread out in W^''^ , 



0, 



Ur. 



in W^^"^ , and Un does not concentrate in W^'^ and L^* 



or (e) F{un) -^(0) in X' , and Un 
has a convergent subsequence. 



m IV 



1,00 



Here, the terms "equiintegrable" , "does not concetrate", "does not spread out" 
and "tight " are meant in the sense of Definition \3.1[ 
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Proof. By Theorem 14.41 (ii) implies (i) and the converse implication is trivial. 

□ 



Proof of Proposition By ^QA) , Q really maps into L^,(fi; M*^^^). Like- 
wise, ( |g:ip ensures that gi and ^2 are well defined. We only show the uniform 
continuity of Q on bounded subsets of X. The proof for gi is analogous, the 
continuity of ^2 can be deduced from ( |g:Op and ( |g:ip using standard arguments, 
and (14. 6p essentially is a consequence of the growth condition on g2 and Holder's 
inequality (the assumption p > in ( |g:ip is crucial here, as is the decay of hoo as 
|a;| — cxD in case of the first limit, cf. (14. 2p and ( I4.3p ). 
Due to ( [Qi2| ), 



5*2 (x 



|g(x,M,f/) -g(x,t;,1/)| < 
for every (u, U), (f , G X, with the abbreviations 

Si{x) := C{ \U{x)\ + \u{x)\ + \V{x)\ + \v{x)\ + hg{x)), 

S2{x) := C{ \U{x)\ + \u{x)fr + \V{x)\ + \v{x)fr + /ip(x)) and 

* 

p 

D{x) := \U{x) — V^(a;)| + — v{x)\ + l'u(x) — v{x)\ p . 
Here, C* = C{C,q,p,a) > is a suitable constant. Consequently, 

\\Q{x,u,U) - Q{x,v,V)\\^^'^^^,^j,,^^^ 



< ii(5i(-)r^-"p(-)rir' +\\iS2i-)r-'--{Di-)) 

< \\S,\\l-'-''\\D\\% + \\S,\\V-''\\D'''' 



LP ' 



by Holder's inequality. This implies that Q is globally Holder continuous on every 
bounded subset of X since 



\D\ 



LP 



+ \\D\\^,<3\\{u,U)-iv,V)\\^, 



where we used that | \u — v\\j^r < \ \u — f | + | |m — f | 



Li 



for every r G [q, p*] . □ 



Proof of Theorem 14.41 

The proof of Theorem 14.41 is based on the subsequent application of Theorem 12.71 
and Theorem 12.81 respectively, for the three types of truncation operators dis- 
cussed in Section [3l In particular, this requires a suitable abstract setting which 
is laid out below. 

As before, let (f)n \ 4>n \ and 0™'' denote the truncation operators on 
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introduced in Section [3l We define 

^(^■)(/)M:=/[0(f)(^)], J = 1,2,3, 
for every / G X' and every ip E X with Hv^H^^ < 1, where 

F:=| /iXD^TM^^I ll/lly<oo}, 

with 11/11^:= sup { 1/(^)1 I ^e^^cX }, 

is a normed vector space. Note that X' is isometrically embedded in Y. Hence 
the function F defined in (I4.ip can also be considered as a map from X into Y. 
Naturally, the closure of the range of F in y lies in X'. Accordingly, we define 

D=X and R:=X'. 

Last but not least, we decompose 

F = Fi + F2 with Fi 2 : X ^ y, where for every G X, 

Fi{u)[ip\:= I Q{x,u,'Vu) : Vip + gi{x,u,'Vu) ■ ip dx and 
Jn 

F2{u)[ip] := / g2{x,u,Vu) ■ ipdx. 
Jn 

Remark 4.6. 

(i) Note that ijjn^ and ijjn^ do not map into X' due to the lack of linearity of 

(2) (3) 

(f)n and (j)n . Our use of Y compensates for that problem. 

(ii) Actually, F is a Banach space, but we do not exploit that fact. 

In a series of propositions, we now check the assumptions of Theorem 12.71 and 
TheoremEU i.e., (|^, and (ira-(lR2ll. for each pair (f){, tpl {j = 1,2,3). 

Throughout, we assume that Q C is a Lipschitz domain and 1 < q < p < N. 

Proposition 4.7. For every j = 1,2,3, the family ipn^ : X — > F satisfies [ ip:! ) 
and ( ip:2 ). As to the latter, we even have that 

^i'H/) —^finY, for every f e X'. (4.8) 

Proof. Each ipn^ is linear. Since all three families are equibounded, we infer 
. For the proof of (14.8P we argue indirectly. Assume that there is a sequence 
{(fin) C X with llv^nlljf < 1 for every n such that 

(/ - i^n\f])iVn) = flil - 0n^)(V^n)] doCS UOt COUVCrgC tO ZCrO. 

However, this is impossible, because (/ — (f)n^){(pn) weakly in X, for each j: 
Recall that (f)n\fn) — V^n = on -B„(0) by the definition of (f)n \ that \{(j)n\fn) — 
V^n 7^ 0}| < {C^yn^^ —>■ due to Proposition 13.131 and that (j)if\(pn) — V^n ^ 
in 1^1'°° due to Proposition [SlIHl □ 
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Proposition 4.8. Assume that ( |Q:OD -( [Q^ and ( |g:0p -( [gl2| ) hold. Then for j 
1,2, F = F1 + F2 : X F satisfies (IFiOl) and flFi2l) to^/z 0„ = 0^f'^ and t/-^ 



Proof. Due to Proposition 14.31 we liave ( 1F:0l) as well as the uniform continuity 
of Fi on bounded subsets of X as required in (1F:2I) . It remains to show that 

sup sup F2H[(/-0(f))(v9)] 



IS 



for every bounded set W C X. For a proof, first recall that (/ — 
bounded in X, uniformly in with Hv^H^^^ < 1, due to 
with the first line of (14.60 yields the assertion in case j = I. In case j 
employs the second line of (14.60 instead, as well as (13.201) . (13.211) and Holder's 
inequality. □ 



■A). Combining this 
2, one 



As it turns out in the proof of Theorem 14.41 in case of the third truncation 
method (0„ = (f)n^ and ipn = ipn^), we need (IF:0l) - (IF:2l) just for F = Fi (instead 
of F = Fi + F2). Essentially, this is due to the "subcritical" behavior of F2 with 
respect to sequences converging to zero in W^^^: 



Proposition 4.9. Assume that ( |Q:OD -( |Q^ and l \g:0\j -l \g^ hold, and let Tn be 
a bounded sequence in X such that Tn ^ in Wj^f and Lf^^. Then [F(T„) — 
F(0)]-[Fi(T„,)-Fi(0)]-.0«n X'. 



Proof. It suffices to show that | \g2{-, Tn, VT„) — g2{-, 0, 0)||^p*'^^^ — ^ as n ^ 00, 

which is a consequence of the first line in ( 14.60 and the continuity of the Nemytskii 
operator ^2 at (cf. Proposition 14.31) . □ 



Proposition 4.10. Assume that ( |Q:0D -( [Ql2| ) and ([giOD -([gi2D hold. Then F 
Fi-.X^Y satisfies (EOl) and (IE2|) with 0„ = ^i^^ and tpn = ■ 



Proof. Due to Proposition 14.31 we have (1F:0I1 as well as the uniform continuity 
of Fi on bounded subsets of X as required in (1F:2I1 . □ 



This leaves us with the proof of (IF:lll . i.e., the compatibility of and ipn^ with 
respect to F in the sense of ( 12. 4p and (12. 5p . 



Proposition 4.11. Assume that dQiOl) -([Qi2|) and ([giOD -([gi2D hold. Then ^FA}\ 
is satisfied for F = Fi + F2 : X ^ Y with 0„ = 0n "* and ipn = i^n^ ■ 



Proof. By definition of (j)n^ and ifjn = i^n' , the members of the sequences con- 
sidered in (12. 4p and (12.50 are zero for every n > m + 1. □ 



(1) 
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Proposition 4.12. Assume that ([QioD -([Qi2D and JgiOD -([gi2D hold. Then ([EI]) 

(2) (2) 

is satisfied for F = Fi + F2 . X — > Y with (pn = 0n and ilJn = i>n . 



Proof. Let W <Z X he a bounded set, v,w eW and ip E X with \\(p\\x < 1- We 
first show f l2.4p . Observe that due to (I3.2ip . the measure of 

E„ = E^{w) ■.= {xeQ I (/ - ^ } 

converges to zero as n ^ 00, uniformly in w G W. With := (/ - 
we have that 

M'>F,{v + w'^-^)-^'^^^F,{v)) Ml 

< j (\Q{x,v + w^''\Vv + Vw^''^) - Q{x,v,Vv)\\V^^^\^)\ 

+ /o(x, + |Vt; + Vw;^"^|) +/o(a;, \v\, \Vv\)^ dx, 
for a constant Ci > I independent on n, m, u , tu and (y?, due to (13.191) and the 



growth conditions ( |Q:1D and ( |g:ip , respectively. Holder's inequality, the contin- 
uous embedding of Wq'^ into L^* and the equiboundedness of the family 0n •* in 
VT^'P and W^'i entail that 



< 



\Y 



+ 1 \En\ 



I I 1 1 I l<J— 1 ill 1 1?"! 



+ ( INll^Ji.P(C) + ll^llvFii(n) + 1) l^nh' 



for a suitable constant C2 > Ci, which shows (12.4p for F = Fi. The proof for 
the general case F = Fi + F2 is completely analogous. For the proof of (12. Sp . 
consider the set 

K = ■.= {xeQ I (/ - <P^^){v){x) ^ } 

and its indicator function Xs„ : ^ {0, 1}, where G X is a test function. Just 
as for Er, above, we have that 



l^n(<^)l 



0, uniformly in with Hv^Hj^ < 1. 



(4.9) 
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In the following, let 

Unix) := XeA^) ■ <l>'m\w){x) and t/„(x) := XeA^) " V0^H«;)(x) for x E n. 
Since |0m'*(w^)| + |V0m^(w)| < Com a.e. on fi, (14.91) implies that 

ll'""llLp*(n;MA/)nL9(Q;iRM) ^^^^ and | l2,P(r2;RAfxJV)ni9(f2.]KA/xJV) ^^^^ 0, (4.10) 



uniformly in w E W and G -Bi(O) C X. Moreover, 

I ((/ - + <l>Z\w)) -{I- i^f^)FM) Ml 

< ^ (|Q(x,t; + M„,Vt; + f/„) -g(x,t;, Vt;)| |V(/-0f )(^)| 

+ \gi{x,v + Un,Vv + Un) - gi{x,v,Vv) \ |(/ - 0i^^)(v?)| j dx 

< C-s (\\Q{-,V + Un,Vv + Un) - Q{-,V,VV)\\^,' 

+ \\gi{-,V + Un,Vv + Un) - gi{-,V,Vv)\\^p,' j ||v5||vyi,?nl4^i.P ' 

q' / 

with a suitable constant C^, due to Holders inequality (14.51) (as always r' := 

(2) 

^ for r E (0, oo)) and the equiboundedness of the 0n . Since the Nemytskii 
operators associated to Q and gi are uniformly continuous on bounded sets as 
shown in Proposition 14.31 (I4.10p entails (12. Sp for F = Fi. This also proves the 
general case F = Fi + F2 since F2 can be neglected in (12.51) due to (IF:2p . □ 



Proposition 4.13. Assume that dQiOl) -([Qi2|) and ([giOD -([gi2D /joW. Then ([EI]) 



«s satisfied for F = Fi : X with 0„ = 0„ and i/jn = Wn' ■ 

Proof. Let C X be a bounded set, v^w eW and ip E X with Hv^Hj^^ < 1. We 
first show (I23j). Observe that due to (l32Hj), 

\E{^)\<{C:,Ym'i, where E{^):= {x En \(l)^^\^){x)^Q], (4.11) 

for every ip with Hv^Hx < 1- Below, we use the abbreviations 

Un{x) = Un{x,ip,w,m) := XEi>p)ix) ■ (/ - (f)^^'^){w){x) and 
Unix) = Unix,(p,w,m) := XE{^)ix) ■ V[(/ - 0i^))(w)](x), 

for X E where XE{ip) : — > {0, 1} is the indicator function of E{ip). Since by 
dCTD . (/ - 0i^^)(w;) in 1^^'°°, uniformly in w eW, ( liTTll implies that 

I I'^ril lLP*(n;R")nL9(Q;IRAf) ^^^^ and I |t^n| l2,p(n;]RMxJV)nL'J(f7;RAfxJV) 0, (4.12) 
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uniformly in w & W and ip G -Bi(O) C X. Moreover, 

I^L'^ {Fi {v + {I- 0f )(«;))) b] - ^L^) {F,{v)) [^] I 

< J^(\Q{x,v + u„,Vv + Un) -Q{x,v,Vv)\\Vcpg\ip)\ 

+ \gi{x,v + Un,Vv + Un) - gi{x,v,Vv) \ I^^Hv^)!) dx 

< cJ\\Q{;V + Un,Vv + Un)-Q{-,V,Vv)\\^,> 

\ q' 

+ \\gi{-,v + Un,Vv + Un) - gi{-,v,Vv)\\^p*' ) llv^ll^i.^nw-i.p ) 

q' / 

with a suitable constant Ci, due to Holders inequality (14.51) (as always r' := ^ 

for r G (0, cxd)) and the boundedness of 4>m . Since the Nemytskii operators 
associated to Q and gi are uniformly continuous on bounded sets as shown in 
Proposition [131 dES) entails ([23]) for F = Fi. 

For the proof of (12.5p . consider the set 

E{w) := {xen \ (j)'^\w){x) ^ 0} 
and its indicator function Xe{w) '■ ^ ^ {0,1}- To simpliy notation, we define 

m;M .= (f)(^){w), whence w^""^ G W^""^ := 0^^^^^) C X. 

For F = Fi, the expression on the left hand side of (12 .Sp can be estimated es 
follows: 

< / ('|Q(x,t; + wl™],V^^ + V^'*"!) -g(x,t;,Vt;)| |V(/-(/)|f))((^)| 

+ |^l(a;,^; + ^^;["^],V^; + Vw'™!) - (x, t;, Vt;) | | (/ - 0(f))(^) |) dx 

< Co- [ (Ho(x,\v + w^"'MAVv + Vw^"'M) +Ho(x,\v\,\Vv\) 

+ Jo(x, + |Vi; + Vwf™]|) +/o(a;, \Vv\)) dx, 



due to (13 .26^ and the growth conditions ( |Q:1[ ) and ( |g:ip , respectively. Since 
|E(w)| < {Cs)'^mi WwW^^ due to (13:28!) and both W and W^H are bounded in X 
(the latter because (f)m is bounded), this shows (12. 4p for F = Fi. □ 



Having collected all preliminaries of Theorem 12.71 and Theorem 12.81 we conclude 
the section with the proof of its main result. 
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Proof of Theorem \4-4[ Assume that (m„) C X is a bounded sequence such 
that F{un) converges in X' (or, equivalently, in Y). If F{un) does not converge, 
the corresponding assertion can be obtained using Theorem 12.71 instead of Theo- 
rem 12.81 below; the precise argument for this case is analogous to the one carried 
out in the proof of Theorem 15. 2[ Recall that fci(n), k2{n) and k^{n) denote 
the subsequences obtained in Lemma [3.211 that k{n) = k2{ki{k3{n))) and that 
U^...,U^ denote the summands of Mfc(„) defined in fl3.39p . By (13.401) (in case 
(i) in Lemma [3.2ip . Theorem 12.81 is applicable to the sequence f„ := Ufc2(n), with 



^^n^ and iJn = i^^n \ ThuS 



F{uk2{n)) - F{(f)'^\uk2(n))) and 
F(o)-F((/-0(2))(^^^(„^)) ^0 



(4.13) 



in Y (and hence in X') . Repeating the argument with the families 0„ = 0n ^ and 

for Vn := 0if(n)(Mfc2(fci(n))) (cf. casc (ii) in Lemma[32II), and 
for Vn ■■= (/ - 0ii|„))(wfc2(fci{n))) (cf- casc (iii)), respectively, 
the limits in (I4.13P decompose further and we infer that 

F{ukin)) - F{U^J 0, F(0) - F{Ui) for j = 1, 2, and 



n-^oo 



F(0) - F(K) ^ 0, where K := [(/ - 0«) o 0f/(„J («fc,(,,(„))). 

n— >oo ' 



Due to Proposition 14.91 the previous line is equivalent to 

Fi(0)-Fi(V;) — ^ 0, (4.14) 

smce Vn^ in W^^^ (in the sense of Remark 13.221 (ii), to be precise). Again 
by Theorem 12.81 this time applied to the sequence Vn ■= Vk^(^n) with 0„ = (pn , 
= ipl^^ and F = Fi, (I4T4D turns into 

Fi(0) - Fi([/^) — . and F,{0) - F,{U^) 0. 



Invoking Proposition 14.91 once more, we obtain the remaining two limits of the 

assertion. Here, note that f/^ ^ in W^'°° by (I3.26p . and thus = Vfc3(„)— 

in <f . □ 



5 Variational problems 

In Theorem 14.41 we observed that the nonlinear operator F behaves asymptot- 
ically additive with respect to the decomposition of a sequence m„ obtained in 
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Lemma I3.21[ If the system (I4.ip in the previous section has variational struc- 
ture, i.e., if F{u)[ip] is the first derivative of a functional at m in direction ip 
for every such test function, it is natural to ask whether the energy exhibits the 
same behavior. Theorem 15.21 below answers this question in the affirmative. In 
the following, we consider a functional 



E{u):= / W{x,u,Vu)dx, E : X ^ 
Jn 

with X := W^'^iQ; M^O n W^'\Q; M*^) 
where 1 < g < p < oo are fixed and 



(5.1) 



(W:0) 



W = Wi + W2 with two Caratheodory functions 

Below, we use the abbreviations 

Haix,s,t) := C {hg{x) + s + ty-'' + C {hp{x) + s"i +tY~", 
J,(a;,s,t) := \h^ix)\ {s + ty + \h^{x)f (h^ix) + s + ty~' (5.2) 
+ \hp*{x)\'ihp,{x) + s + t^Y*-'. 

for arbitrary s,t > 0, a G [0,1] and g G (0,1]. Here, C > is a constant, 
P* •= ^^'^ critical Sobolev exponent and hg, hp, hp* and h^o are fixed 



nonnegative functions as defined in (14. 3p in Section [H In addition to (IW:Ol) . we 
assume the growth conditions 



\Wi{x,iJ,,^)\ < Ho{x,\ij\,\^\) and 
\W2{x,n,^)\< J,ix,\fi\,\^\) for a ^G (0,1] 

and Holder continuity of Wi in the last two variables: 

There is an a G (0, 1] such that 

\Wi{x,fii,^i) - W^i(a;,/i2,6)l 

< Ha{x, \fll\ + |/i2| , l^ll + |6l)( lAtl - f^2\ + -/i2|^ + 16 - 61 



(W:l) 



(W:2) 



Here, x G fi, fi, /ii, /i2 G M^^ and 6 6, 6 e M^>^^ are arbitrary. As a consequence 
of d\ra- (IWT2ll we have 

Proposition 5.1. Zet C 6e oj^en, 1 < g < p < and p* = and 
assume that ( 1W:0[ )-f jW :2[ ) are satisfi,ed. Then the Nemytskii operators 

Wj:X^L\n), Wj{u,U){x) ■.= Wj{x,u{x),U{x)) (j = l,2) 
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are well defined and continuous on 



Both operators map bounded sets onto bounded sets. Furthermore, Wi is uni- 
formly continuous on bounded subsets of X , and W2 satisfies 



sup / \W2{x,u,U)\dx — > 0, and 

{u,U)GB Jn\BR{0) 

(5.3) 

sup sup / \W2{x,u,U)\ dx — > 0, 

iu,U)£B Ecn,\E\<5 Je -^^O 

for every bounded subset B C X . 

Proof. Apart from obvious modifications, this is the same as the proof of Propo- 
sition [431 We omit the details. □ 

Lemma 13 . 2 1 1 combined with Theorem 12.71 and Theorem 12.81 respectively, leads to 

Theorem 5.2. Let 1 < q < p < N and let Q be a Lipschitz domain in in the 
sense of Definition \A.^ Let (u„) be a bounded sequence in 
W^'\n;R^'^) and let 



denote a subsequence of Un chosen via Lemma \3.21\ (with k{n) = k2{ki{k^{n))) ) , 
where U^, . . . E X are its bounded component sequences with the properties 
(a)-(e) listed therein. Furthermore, let E : X ^ R be the functional defined in 
(15. ip . and assume that ( 1W:0[ 1-( )W :2l ) are satisfied. Then we have that 

4 

[W(wfc(„)) - W(a°)] + ^ [W(0) - Wm] zn L\n), (5.4) 

i=l 

where >V(f) := W{-,v, Vf) G L^{Q) for arbitrary v E X. Ln particular, 

4 

[E{ukin)) - E{U'J] + V [E{0)-E{U')] ^0 tnR. 



n— >oo 
i=l 



IfW{Un) converges in L^[Q), then each of the five summands in (15.41) converges 
to zero. 

Remark 5.3. If both Theorem 14.41 (with a suitable F, for instance the Frechet 
derivative DE of E) and Theorem 15.21 (with a suitable E) are applicable to a 
bounded sequence (m„) C X, it is clear that the same subsequence Uk{n) and 
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the same decomposition thereof can be used in both results simultaneously. The 
choice of Uk(n) and its component sequences U^, ... ,11^1, being due to Lemma [3.21l 
only depends on the sequence Un and the truncations operators involved, but not 
on F or E. For the same reason, one fixed decomposition of Uk{n) can be used 
even if multiple (possibly infinitely many) operators F and functionals E are 
involved. 



Proof of Theorem 15.21 

We follow the lines of the proof of Theorem 14.41 with different maps ipn- Again, 
we first lay out a suitable abstract setting. We consider the map 

W-.D-^R, with D :=X = {W^''' n WQ'''){n; M^^ and R :=Y := L\n). 

For each family of truncation operators (pn^ {j = 1,2,3) defined in Section [3l 
the corresponding maps ipn '' : L^{Q) L^{Q) are defined as follows: For every 
V G L^{^), every n eN and every x E Q let 

tljl^\v){x) := u{\x\ — n) ■ v{x), (5.5) 

where z/ : M — [0, 1] is the smooth nonincreasing function introduced in Defini- 
tion [331 (Hence tpn^ and (j)n^ are the same map operating on different spaces.) 
Moreover, let 

^lj^^\v)ix) ■.= Vnivix)), (5.6) 
V'i^)(t;)(x) := v{x) - r/i/„(t;(a;)), (5.7) 

where ?7a : M — »• M is the truncation of a scalar at height A defined in Lemma 1X41 
For later use, note that t^a : K is globally Lipschitz continuous: 

IVxi^i) ~ Vx(t2)\ ^ \ti ~ hi , for every ti, t2 G and every A G (0, oo). (5.8) 

Last but not least, we write W = Wi + W2, where 

Wi{u) ■.= Wi{-,u,Vu) e L\n) and W2{u) := W2{-,u,Vu) e L\n). 

The propositions below provide the preliminaries of Theorem 12 . 71 and Theorem l2.8l 
in the present setting, i.e., j ip:! ), ( ip:2 ) and (IF:0ll -( lFl2ll . Throughout, we assume 
that Q C is a Lipschitz domain and 1 < q < p < co. 

Proposition 5.4. For every j = 1,2,3, the family ipn^ : L^{Q) L^{Q) satisfies 
) and { ip:2 ). As to the latter, we even have that 

^n\f) — ' f in L\n), for every fixed f G L\n). (5.9) 
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Proof. The maps ipn^ are linear and equibounded by definition. For j = 2, 3, 
each ijjn'' is globally Lipschitz continuous with constant 1 as a consequence of 
(Ell). Moreover, for j = 1,2,3, we have that \iJn\f){x)\ < \f{x)\ and that 
ipn\f){x) — >• f{x) for a.e. x G fi, due to the definitions of ipn^ ■ This implies (15.90 
by dominated convergence. □ 

Proposition 5.5. Assume that ( jW^ - dW^ hold. Then for j = 1,2, F : X ^ 
L^in), F := W = Wi + Wa, satisfies (EQD and (lFi2l) wtth 0„ = and 



Proof. Due to Proposition 15.11 we have (IF:Op and the uniform continuity of Wi 



on bounded subsets of X. Now fix a bounded set S d X. The first line in (15. 3p 
implies that 

||[(/ - V^W) o W]{w) - [(/ - o Wi](^)||^,(^^ 



< / \W2{x,w,'Ww)\ dx — > 0, uniformly mw E 

Jn\Bn{o) 

which concludes the proof of (1F:2I1 for j = 1. For j = 2, we consider the set 

f„ = f„(w) := { X G : |>V(w;)(x)| > n or |Wi(w)(x)| > n } , 
where w E S. Observe that 

\fr,\ <-(\\W{w)\\ri + \\Wi{w)\\r^) — ^ 0, uniformly in w G ^, (5.10) 

since the images Wi{S) and >V(S') are bounded in L^{Q). Due to (15. Sp . we have 
the estimate 

||[(/ - ^i^)) o W](t.) - [(/ - ^i^)) o Wi](t.OL.(n) 

|(/ - 770(>V(w)(a;)) - (/ - Vn){m{w){x)) \ dx 

<2 I \W2{x,w,Vw)\ dx. 

As a consequence of the second line in (15. 3p , the last integral above converges to 
zero, uniformly in w G S". □ 

Proposition 14.91 and Proposition 14.101 in the previous section are replaced as fol- 
lows: 

Proposition 5.6. Assume (lW:0ll - (IW:2l) . and let Tn he a bounded sequence in X 
such that Tn-^Oin W^^^ and LfJ^. Then [W(T„) - W(0)] - [Wi(T„) -Wi(0)] ^ 
in X'. 
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Proof. It suffices to show that \\W2i-,Tn,VTn) - W'2(-, 0, 0)||^i(j^) -> as n ^ 
cx), which is a consequence of the first fine in (I5.3P and the continuity of the 
Nemytskii operator W2 at (cf. Proposition IS.ip . □ 

Proposition 5.7. Assume that dWinl) - (rwi2ll hold. Then F := Wi : X ^ R 
satisfies ( 1F:0P and f lF:2ll with 0„ = (pn^ and ipn = "ipn^ ■ 



Proof. Due to Proposition 15.11 we have (IF:Op as well as the uniform continuity 



of Fi := Wi = F on bounded subsets of X as required in (|F:2p . □ 



This leaves us with the proof of (1F:1I1 . i.e., the compatibility of 0n and with 
respect to W (or Wi, in case j = 3) in the sense of (12.41) and (12. 5p . 



Proposition 5.8. Assume that (IW:0[l - (lW:2ll /ioW. T/ien (IF:ll) «s satisfied for 



F : X -> Li(fi), F := W = >Vi + W2, mt/i = cpn and ^„ = ^ 

Proof. By definition of 0n and ipn = i'n^ , the members of the sequences con- 
sidered in (12. 4p and (12.50 are zero for every n > m + 1. □ 

Proposition 5.9. Assume that ( lW:0[ l-( lWl2l) /toW. T/ien (IF:!! ) «5 satisfied for 
F:X^ L\n), F:=W = Wi + W2, with 0„ = ^1^^ and tfjn = 

Proof. Let S" C X be a bounded set, let v,w E S and fix m G N. First observe 
that the measure of T„ = Tn{w) := {x G ^2 | (/ — (f)n^){w){x) 7^ 0} converges to 
zero as n ^ CX3 uniformly in w E S, due to ( I3.2ip . Hence 

IKV'^^) oW){v+{I- 0f )(t.)) - (^^2) o W)(.;)||,,(^) 

|r/,„(W(t; + (/-0i2))(u;))(x))-r7^(>V(i;)|rfa; < 2m|T„| 0, 



uniformly in v,w E S, which shows (12. 4p for F = W. Next, we prove (12.51) for 
F = Wi. Consider the set 

fn = f„{v,w) := {xen I |Wi(i; + 0^)(w))(x)| > n or \Wi{v){x)\ > n] 

and its indicator function Xf„- Since Wi maps bounded subsets of X onto 
bounded sets in L^{fl), we have that 



|T„| — > 0, uniformly in f,w G S. (5-11) 

n^oo 

To shorten notation in the following, we define 

Unix) := Xfn(^) ■ 'Pmiuj){x) and [/„(x) := XfA^) ' ^(l^miuj){x) for x e il. 
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Since \(l)m. {w) \ + |V0m (w)| < Com a.e. on il, (IS.lip implies that 

1 1"""! lLP*(n;RA^)nL9(n;R*f) ,^1^ I lLP(n;R*fx^)nL5(n;RA*xJV) ^^^^ 0, (5.12) 

uniformly in v,w & S. Moreover, 

||(/ - + <pg\w))] - (/ - 

= / |(/-r/„)[>Vi(t; + 0(^)H)(x)]-(/-77„)[Wi(t;)(x)]|dx 

< 2 / |iyi(x,?; + u„,Vt; + ?7„) -Tyi(x,w,Vw)| dx, 
in 

due to (|5.8I) . By the uniform continuity of the Nemytskii operator associated to 
Wi on bounded sets as shown in Proposition 15. 11 (15.121) entails (12.51) for F = Wi. 
Using (lFi2ll . we infer ([23]) for F = W. □ 

Proposition 5.10. Assume that flWlOl ) -f lWi2l) hold. Then (IFTTll «s satisfied for 
F ■=Wi:X ^ L\n), with (f)n = and = 

Proof. Let 5* C X be a bounded set, let v,w E S and fix m G N. First observe 
that the measure of T{w) := {x G | (j)m{'w){x) ^ 0} is bounded uniformly in 
w E S (for fixed m), due to (|3.29p . Hence 



(/ - ) [Wi (t; + 0(^)(^))] - (/ - ^i^)) [Wi(t;)] 



|r7i/„[Wi(t; + <p^^\w)){x)] - vi/n[miv){x)] \ dx 

lT{w) 

< 2—\T{w)\ — > 0, uniformly in w G 5", 

fl n^oo 



which shows (12.51) for F = Wi. Next, we prove (12.41) . consider the set 
T„ := < X E 



Wi(w + (/-0(f) )(«;)) (x) I > — or \Wiiv){x)\ > — 



m ' ' m 



{Tn = Tn{v,w)) and its indicator function Xf„ : ^ — ^ {0, 1}. We have that 

< m{\\Wi{v + {I-<j)^^^){w))\\^, + \\W,{v)\\^,) < 2mC, (5.13) 



where C > is a constant independent of n G N and v,w E S. Here, recall that 

(3) 

S is bounded, the family 0ri is equibounded, and Wi maps bounded sets onto 
bounded set, cf. Proposition 15. 1[ In the following, let 

Unix) :=xr„(x)- (/-0f )(«;)(x) and f/„(x) := Xf^x) ■ W [{l - (j)^^^) (w)] (x) . 
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Combining (15.131) and (13.261) . we infer that 



"I l[LP*nL9](n;]RA<f) ^^^^ and \\Un\\[j^pr,iq](^^.T^MxN) ^^^^^^ 



0, 



(5.14) 



uniformly in v,w & S. Moreover, 

^L'^ [m{v + (/ - </>f )(^))] - ^L'^ [w^{v)] 

= / {I-r]i/^)[Wi{x,V + Un,Vv + Un)]-{I-Vl/m)[Wl{x,V,Vt 

Jn 



L^n) 



dx 



< 



2 Wi{x,V + Un,Vv + Un)-Wi{x,V,Vv) 

Jn 



dx 



due to (15.81) . By the uniform continuity of the Nemytskii operator associated to 
Wi on bounded sets as shown in Proposition 15.11 (I5.14p entails ( 12. 4p for F = 

m. □ 



Having collected all preliminaries of Theorem 12.71 and Theorem 12.81 we conclude 
the section with the proof of its main result. 



Proof of Theorem \ 5.2L Let (m„) C X be a bounded sequence. We only show 
(15. 4p . with the help of Theorem l2.7[ If W(m„) converges in L^{fl), the convergence 
of each summand of the sequence in (15.41) can be obtained using Theorem 12.81 
instead, closely following the lines of the proof of Theorem 14. 4[ Recall that 
ki{n), k2{n) and k^{n) denote the subsequences obtained in Lemma [3.211 that 
k{n) = ^2(^1(^3(71.))) and that f/° . . . , f/^ denote the summands of Uk{n) defined in 
(I3.39p . By (I3.40p . Theorem 12.71 is applicable to the sequence Vn with the families 
4>n = 0n ^ and ipn = '^'n , whcrc 

i = 2 and f„ := Uk2{n) (cf. case (i) in Lemma [3.2ip . 

i = 1 and Vn := <pf^{n){^k2{ki{n))) (cf. case (ii)), and 

i = l and Vn := (/ - 0if(„)) (^fcaCfciH)) (cf. case (iii)), 

respectively. Thus we infer that 

[mukin)) - W(f/°)] + [W(0) - 

+ [W(0) - WiU'J] + [W(0) - W(\43(„))] ^ 0, ^^-^^^ 

where := [{I - (p'm^) o (pf^^^^] (uk^ikiim))) for m G N. Moreover, 

[>^i(^/f3(n)) - m{U'n)] + [>Vi(0) - Wl(f/„^)] ^ 0, (5.16) 
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due to Theorem 12.71 this time applied to the sequence f„ := Vkg(n) with (f)n = (f)n , 
i^n = "ipn^ and F = Wi (cf. case (iv) in Lemma [3.211) . Finally, as a consequence 
of Proposition 14.91 we may replace Wi with W in 15.161 since V'^3(„) — > in W^^^ 
(in the sense of Remark [3.221 (ii), to be precise), ^ in W^'°° by (13.26p . and 
thus = Vfc3(„) — f/^ ^ in W^^^ . Hence (I5.16P turns into 

[^{ylin)) - ^{U'n)] + [>V(0) - W(^„^)] ^ 0. (5.17) 

The assertion is a consequence of f l5.15p and (15.17^ combined. □ 



6 Quasilinear systems in VF^'^ with p > N 

In this section, we recover a characterization of properness obtained in |23| for 
fl = and in [I3] for exterior domains with boundary of class C^), namely that 
properness is equivalent to "properness at 0" for elliptic operators. Moreover, 
we generalize it to domains with boundary of class C^, including the case of 
unbounded boundary. This is possible since our approach allows us to avoid the 
limit problems used in |23j and |13] which are hard to define in general if Q is 
unbounded but not an exterior domain. For the same reason, we do not need 
well defined limits, asymptotic periodicity or similar properties of the coefficient 
functions as \x\ ^ oo (x E Q). As in [23] and [I3] we consider a map 

F:X^ L^{n- M*^), with X := w^^^{n- M*'^) n w^'^n- M^O, 

F{u) := - ^ A„^(-, M, Vu) dlpu + 6(-, u,Vu). 

o,/3=l 

Here, VLC'K^,p> N, 

A^p: fix M*^ X M*^^^ ^ M^^^^ is a Caratheodory function, (A:0) 

and for every /i G M*^, ^ G M}'^^^ and for a.e. x G fi, 

h{x, ju, = &o(a;, /i, ■ + ^(a^, At, : ^ + ^(a^, 0, 0), where 

6o : fi X M*^ X M^'^^^ M^'^^*^ and 5 : fix M*^ x M^^^^ ^ rMxCMxTV) 

are Caratheodory functions and 6(-,0,0) G L^(fi;M^^). 

(b:0) 

In the first line of (lb:Oll . ■ and : denote the euclidean scalar products in R*^ and 
j^AfxAf^ respectively. Our growth conditions are 

|A.Ma:,/i,OI</(l/^l + lel), (All) 
|&o(x,/x,OI</(l/i| + lel) and |5(x,/x,OI</(|/i| + lel), (b:l) 



50 



On properness of quasilinear systems on unbounded domains 



for every «,/?€{!,..., A^}, G M*^ and ^ G R^^""^ and a.e. x eQ where 

/ : [0, oo) [1, oo) is an increasing function. (6.2) 

Moreover, we assume that the A^ib, &o and B are "equicontinuous bundle maps" 
(this is the terminology used in [23| and [I3], apart from the fact that we do not 
assume continuity in x which does not come in until later), i.e., the family 

{Aaij{x, ■, ■))xGn is equicontinuous at every point in x M*^^^, (A:2) 
and the families 

{bo{x, ■, ■))xen and {B{x, -, ■))xen are equicontinuous 

at every point in x M^^^. ^ ' 

We do not need stronger growth conditions for large values of /i or ^, because 
X is continuously embedded in W^'°°{fl;M.^'^), even in the Holder space C^'"(f2) 
with a = 1 — N/p, at least as long as the boundary of fl is sufficiently smooth, 
a Lipschitz domain for instance. Here, recall that on unbounded domains, the 
Holder norm is defined as 



\u{x) -u{y)\ 
\x-y\ 



x,y E il, X y, \x — y\ < 1 > + \ \u 



\co(n) 



As a consequence of our assumptions, we have uniform continuity of the corre- 
sponding Nemytskii operators on bounded sets: 

Proposition 6.1. Let p G {N,oo) and assume that (IA:0l) - (IA:2l) and (lb:0[) - (lb:2l) 

are satisfied. Then the Nemytskii operators 

A^p:X^ L°°(^];M^■^^*0, A^p{u,U){x) := A^p{x,u{x),U{x)), 
b:X^ LP{n;R^'^), b{u,U){x) := b{x , u{x) , U (x)) 

are well defined and map bounded sets onto bounded sets. Moreover, they are 
uniformly continuous on bounded subsets of X. Here, 



with norm \ \{u,U)\\x ■= \ \u\\lp + \ \u\\^^ + \ \U\\^p + \ \U\\ 



Proofs are collected at the end of this section. In the present framework, the 
abstract result. Theorem 12.81 leads to 

Theorem 6.2. Let p > N and let Q C R^ be a domain which is sufficiently 
smooth such that Vr^'^(fi) is continuously embedded in W^''^{^1). Moreover, let 
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F be the operator defined in (16.11) and assume that (lAinD - flAi2ll and (Ibinl) -flbi2il 
are satisfied. Then 

(i) F is proper on closed bounded subsets of X 
if and only if 

(a) every bounded sequence {un) C X such that 

(a) F{un) converges in WiVL^M.^) and 
Un is tight in W^'P{n; M^^ 

or (b) F{un) F(0) in Lp^Q; M*^) and for every R>0 
there exists an rio G N such that Un{x) = 
for every x G -Bk(O) H Q and every n> uq 

has a subsequence which converges in X . 
Here, "tight" is meant in the sense of Definition \3.1\ 

As a matter of fact, we are always able to find a convergent subsequence of every 
bounded sequence of type (a) in Theorem 16.21 if we assume that the leading part 
of F is elliptic in the following sense: 



N 

det ( V r/a??/3^a/3(a;,/i,0) > 7(a;,/i,0 , 

^ (A:3) 



a,/3=l 



where 7 : x x W''''^ (0, 00) is continuous, 

for every r] = {r]^) G M^, G ]R*^ ^ G M*^^^ and a.e. x G fi. Here, note that the 
assumption on 7 implies that 7 is bounded from below by a positive constant on 
every compact subset of x M*^^ x M*^^^. We also need that 

v4„^ : n X R^^ X M^^^^ ^ M^^^^^ is continuous, (A:4) 

as well as some additional regularity of the boundary of Q, cf. (16. 3p below. We 
exploit ( IA:3ll and (1A:4[ 1 in form of the following a priori estimate for linear elliptic 
systems with continuous coefficients: 

Lemma 6.3 (cf. Theorem 17 in [E]). Assume ( 1A:3I) and ( 1A:4I) . and /e^ Qk C Q 

be a bounded subdomain with boundary of class . Then for every fixed v G 
C\nk; and every w G ^^^'^(fifc; M^) n W^'^'ink; /lawe t/iat 

N 

where A{v)w := 74q,^(-, f , )c)^^tf . 

a,/3=l 

Here, C > is a constant which depends on v, ^Ik and A^p but not on w. 
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In view of Lemma [6.31 we are lead to study domains f2 of the following type: 

r2 = fcGN^fe, where {i^k)km is a sequence of subdomains 

with boundary of class such that every bounded subset B C Q {6 

is contained in Q^o for a suitable fco = ko{B) G N, and 

fifc C Bk{0) n ^Ik+i and dVlk n (0) C dVl, for every k. 

This leads to a characterization of properness for elliptic operators: 

Corollary 6.4. Let p > N and let Q C be a domain which is sufficiently 
smooth such that W'^'^iVL) is continuously embedded in W'^'°°{Vt) and which sat- 
isfies (I6.3p . Moreover, let F be the operator defined in (I6.ip and assume that 
( 1A:0I) - (1A:4[ ) and (lb:0l) - (lb:2l) are valid. Then the following three statements are 
equivalent: 

(i) F is proper on closed bounded subsets of X. 

{ii) Every bounded sequence {un) C X such that 

F(un) F{0) in LP{n) and 

for every R> there exists an no such that 

Un = on Br{0) n fl for every n> uq 

has a convergent subsequence. 

(Hi) Every bounded sequence (Un) C X such that 

F{un) — > F{f)) in WiVL) and m„ ^ weakly in X 

has a convergent subsequence. 

Remark 6.5. If = and the coefficient functions of F are asymptotically 
periodic (as |x| oo), the equivalence of (i) and (iii) was shown in Theorem 6.5 
in [23j (see also Theorem 5.7 in [H]). Also note that the characterization given 
in (ii) is easier to check than (iii), since it provides a stronger assumption on 
the sequence: every bounded sequence of functions which eventually leaves every 
bounded subset of VL as in (ii) converges to zero weakly in X, but the converse 
does not hold in general. 



Proofs of Proposition 16. IL Theorem 16.21 and Corollary 16.41 

Proof of Proposition 1 6. 1\ In view of (|A:0[) . flA:ll) . (Ib:0l) and (lb:ip it is clear 
that Aai3 and b are well defined. Now consider a bounded set W (Z X. First, we 
claim that A^p is uniformly continuous on W. There is a compact set K C M*^ x 
M^^^*^ such that for every (u,t/) G W, {u{x),U{x)) G f^fora.e. a; G Vt. Moreover, 
(1A:0I1 and (1A:2I1 imply that the family (6(x, ■, ■))xen is uniformly equicontinuous 
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on every compact subset of C M x M*^^*^, i.e., for every e > there exists a 
6 > such that 

s 

2 (6.4) 

whenever (/ii, ^i), (Ai2, 6) e and - (/^2,6)l < (5, 

for a.e. x E cf. Lemma 2.5(i) in [13]. Since the range of all functions in W is 
contained in K, (16. 4^ entails the assertion. Analogously, the Nemytskii operators 
associated to bo and B, i.e., 

bo-.X-^ L~(fi; M^^) and 5 : X ^ M^^^^) 

are uniformly continuous on W . By (lb:Ol) . this entails the uniform continuity of 
b onW. □ 



Proof of Theorem \ 6.2L First observe that "only if" is trivial. We obtain the 
converse implication with the aid of Theorem 12.81 For that purpose define R : = 
Y := Lf(fi;M*0 and let : W^'P{n;R^) W'^'P{Q;R^^) be the operators 
introduced in Definition 13.81 which cut off the outer regions of Q. The (pn^ form a 
family of truncation operators on X due to Proposition 13.91 Here, note that (pn^ 
maps the closed subspace X = '^(^]; M^O n W^'P{n; M*^) C W^'P{n; M^) onto 
itself. Moreover, let V'n : Lp(();M^) LP(fi;M*^) denote the same operators, 



now considered as an endomorphism of L*'(f2; M ). The family ipn satisfies {ijj-.l ) 



and in place of ( |?/^:2D , we even have the stronger property 

tjjnih) -^h in L^in; M*^), for every fixed h G LP(fi; M*0- 
Due to Proposition EH both (iFinl) and ( lFi2l) hold, the latter with Fi := F and 



F2 := 0. Last but not least, (|F:ll) is also valid since the expressions on the left 
hand side of (12.41) and (12. Sp . respectively, both are zero for every n > m + 1. 
Hence Theorem 12.81 is applicable with 0„ = 0n "* and ipn = ■ To show that F 
is proper, fix a bounded sequence (m„) C X such that F{un) ^ G in L^(fi; 



for a suitable limit G. Due to ( |0:2D , there is a subsequence Uk{n) of satisfying 



( 12. ip . whence Theorem 12.81 yields that 

F([/°) ^ G, where := </)i^)(wfc(n))' and 
F{Ui) ^ F(0), where t/^ := (/ - 0«)K(„)). 

Together with Proposition [331 this implies that f/° and f/^ are bounded sequences 
in X with the additional properties stated in (a) and (b), respectively. Thus by 
assumption, both f/° and f/^ converge in X, at least for a suitable subsequence 
(not relabeled), whence the corresponding subsequence of = U^ + U}^ con- 
verges as well. □ 
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For the proof of Corollary 16.41 we need the following auxiliary result based on 
Lemma l6.3[ 

Proposition 6.6. Letp > N and assume that the domain Q C satisfies l \6M . 
Moreover, assume that (lAi3l ). ( lAiill . (IbiOll and (Ell are valid, and let C 

sequence such that F{un) converges in 
L^(fifc;M^^) for every A; G N. Then Un has a subsequence (independent of k) 
which converges in V^^'^(^7fc_l; R^^) for every k>2. 



Proof. It is enough to show that for every (fixed) k > 2, any subsequence Un 
of Un has another subsequence Un^ which converges in M^^), where 

Un •— Un- A suitable diagonal sequence then has the asserted property. We 

omit the superscript in the following. Fix k > 2 and let u denote the weak limit 
of Un in M*^) fl Wq'^{Q] M^^) (if necessary, pass to a suitable subsequence 

first). We choose a function rj G C^(]R^) such that rj = 1 on Bk-i{0) and 
T] = onR^ \ B^_3{0). Using (EJl), we infer that v Un & Wo'^^ink^R^^) for 

every n. Moreover, T]Un ^u weakly in W^^P{yLk]R^)_[) VrJ'^(fifc; M*'^. By 
compact embedding we may assume that u„ — > m in C^(f2fc;M^) fl L^(f2fc;M^) 
and rj{un — m) — > in UiVLk]^^^) with respect to the strong topologies. Due 
to Lemma 16731 (with w := //(«„ — u) and v := u), it now suffices to show that 
A{u)[ri{un - u)] strongly in LP(fifc;M*^). Since u„ ^ u in CHnfc;M^^), we 
have that A„^(-, n„, Vu„) v4„^(-,m, Vu) in L°°(fifc; M^^^^), whence (A(u„) - 
A{u))un — > in LP(nfc;]R*^). Moreover, 6(m„, Vu„) = 6(-,m„, Vun) has a strong 
limit in L^(f2fc; M*'^) by continuity of the Nemytskii operator h. Since A{u)Un = 
F (un) — {A{un) — A{u))un — b{un, Vm„), wc infer that A{u)un converges strongly in 
UiVLk] M*^), which in turn implies that the same holds for rjA{u)[un — u]. A direct 
calculation shows that rjA{u)[un — u]— A{u)[rj{un — u)] only contains derivatives 
up to first order of m„, which entails that this difference converges strongly in 
LP(fifc;R^'^), too. Altogether, we infer that A{u)[rj{un — u)] has a strong limit in 
LP{Vtk] M.^''). This limit is zero since ri{un - u) ^ weakly in W^^^{Vtk\ M^^). □ 

Proof of Corollary \ 6.4[ Obviously, (i) implies (iii), and (iii) implies (ii) as 
mentioned above. It remains to show that (ii) entails (i). By assumption, 
it is enough to verify statement (ii) of Theorem 16.21 in case (a). Consider a 
bounded sequence such that F{un) converges in L^iVL) and such that Un is tight 
in iy^'P(fi; M^). We have to show that m„ has a subsequence which converges 
in py^'''(f2; M^^). Due to Proposition 16.61 we already know that a suitable sub- 
sequence (not relabeled) converges in W'^''^{VLk; W^) for every A; G N. Let £ > 
and let u denote the weak limit of in W^'^in- M.^") n PFq '^(fi; and thus 
also the strong limit in W'^'^iVtk] M^^) for every A; G N. Since — -u is tight in 
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W^^P{Q;R^^), we have that 

II I |p II I |p _L I I \\P 

IP" ~ '^\\w^,P(n;R'^') ~ W^n — mw^,P(n\nk;R'^') + IP"- ~ '"llTy2.P(Qfe;KA^) 

^ ^ j_ W IIP 

uniformly in n G N, for every k > ko if ko = kQ{e) is sufficiently large. With 
k := ko fixed, we also get ||m„ - m| |^2,p(q^.]8M) < | for every n > no = no{e, fco), 

due to the convergence in W'^'''^{flk] K*^)- Hence — m| |^2,p(f^.]RM) < f "I" I ~ ^ 
whenever n> hq. □ 



A Truncation of gradients on unbounded domains 

The results presented here form the basis for the definition of the truncation op- 
erators (jxn and (jxn in Section [3l So-called maximal operators play an important 
role: 

Definition A.l (Maximal operator). For v G Aoc(^^) and x G let 
{M{v)){x) := sup ) / % 

rG(0,oo) |-Drl,a;;| jBr(a;) 

We recall a basic property of M. : 

Lemma A.2 (e.g., [26]). For p e (l,oo], A< mttj9s Lp(M^) into Lp(R^), and 

II-^(^)IIlp(R^) < C'lbllLP(RiV) (A.l) 

for every v G WiM.^), where C = C{N,p) is a constant. 

Remark A. 3. Lemma [A. 21 does not hold for p = 1. More precisely, Al(f) is 
integrable on if and only if f = a.e.. Moreover, (lA.lll does not hold for 



p = 1 with a uniform constant C even if the norm on the left hand side is taken 
over some bounded domain instead of R^. 

In case Q = M^, a scalar function can be truncated as follows: 

Lemma A.4 (The case Q = M^, e.g., ^0J). Let p G [l,oo) and u G W^^p{R^). 
For every A > 0, there exists a function u G W^^p{R^) n W^^'^{R^) such that 

\u{x)\ + \\/u{x)\ <C\ fora.e.xeR^, (A.2) 
u{x) = u{x) for a.e. X G R^, and (A. 3) 

\R^\R^\<c\ [ \u\ + \Vu\dx. (A.4) 



A 



{|m|+|Vu|>|} 
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Here, 

■= [xeM.^ I M{\u\ + \Vu\){x) < A} , 
and C = C{N) > 1 is a constant independent of u, A and p. Furthermore, 

\u{x)\ + |Vm(x)| < C'min{A,A^(|u| + \Vu\){x)} for a.e. x E M^. (A.5) 
Both u and depend on u and \, hut not on p. 



Proof. See [TO], Theorem 3 in Section 6.6.3. The estimate for [R'^ \ R'^\ stated 
there is slightly weaker than (IA.4I) . but (IA.4P is shown along the way in the 
proof. The last assertion (IA.5I 1 is a consequence of ( 1A.2I1 . the definition of A^, 
the definition of R^ and jAj). □ 



We need an analogous result for u G PVo'^(fi) with n ^ M^. The main difficulty 
arises from the fact that the support of u is possibly larger than that of m. In 
particular, the "bad set" \ R^ is not entirely contained in VL if the gradient 
of u is large very close to the boundary. For bounded f2 this problem can be 
overcome as shown in [7] (Lemma 4.1); see also the appendix of The proof 
therein works for some unbounded domains as well, but not without imposing 
restrictions on the global shape of VL. The crucial assumption in [7] is that for 
every x G fi, \B2r{x)\VL\ > cr'^ , where r := dist (a;; \ fi) and c > is 
a constant independent of x. For instance, exterior domains (i.e., domains with 
bounded complement in R^) are not admissible. By contrast, our approach below 
admits arbitrary domains with the following boundary regularity. 

Definition A.5 (Lipschitz domain). We call Q C R^ a Lipschitz domain, if it 
is open and connected and if there exist constants g > 0, L > 1 and Kq G N, 
a countable (or finite) set Y C dQ, a family of radii r{y) > and a family of 
bijective maps 0y : D B2r{y){y) i?2r(i/)(0) C R^ (y G Y) such that 

both 9y and 6"^ are Lipschitz continuous with Lipschitz constant L, 

Oyin n B2r(y){y)) = {X = (Xl, . . . ,Xiv) G 52r(0) | Xl > 0}, 

f2 n Bg{z) C \^ y^Y Br(y){y) for each z G dVt, and 

for every x G R^, the set {?/ G F | x G Br(y){y)} has at most Kq elements. 



Note that f2 may be unbounded, but g and L are required to be uniform. For 
such domains, Lemma [A. 41 generalizes to 

Theorem A. 6 (Truncation of gradients of scalar functions). Let Q C R^ be a 

Lipschitz domain, p G [1, C)o) and u G Wl'^iVt). For every A > 0, there exists a 
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function (f)x{u) G Wo'^{Q) n W'^^°°{Q) and a measurable set = R^{u) C Q with 
the following properties: 



\V(pxiu){x)\ + |0aH(x)| < Co A for a.e. x e n, 
u{x) = (j)x{u){x) for a.e. x e R^, 



(A.6) 
(A.7) 



A J{\u\ + \\7u\>^} 



\u\ + \Vu\ dx (A.8) 



and 



\{xen\\(t>x{u){x)\ + \V<Px{u){x)\>5}\ 

< Ci |{x G I CQmm{\M{\u\ + \Vu\){x)} > 5}\ for every S>0. 



(A.9) 



Here, Ci = Ci{N, g, L, Kq) > 1 (i = 0,1,2) are constants independent of u, A 
and p (where q,L,Kq are the constants of the Lipschitz domain Q), and 



R^ = R^(u) 



{x e 



M{\u\ + \Vu\){x) < A} 



(for the application of Ai extend u with zero outside ofQ). Both 4>x{u) andR^{u) 
are independent of p. In particular, if u also is an element ofW^^'^iyt) for some 
q G [1, oo), then so is (pxiu). 

Several consequences of (1A.8I) are also useful: 

Corollary A.7. In the situation of Theorem ] A. (A we have in addition that 



n\R\u) < (CsY- 



{|«| + |V«|>A} 



\u\^ + \Vu\^ dx 



(A.IO) 



for every A > and r G [l,oo), with C3 := AC2 (not necessarily optimal). 
Moreover, 



n\R\u) <{Cs) 



{iA/3>|«| + |V«|>|} 
1 



{|«| + |V«|>iA'3} 



\u\^ + IVmI*" dx 

\u\^ + \Vu\^ dx 



(A.ll) 



for every A G (0, 1], r G [1, 00) and (3 G (0, 1]. In particular. 



n\R^{u) 



both as X ^ 00 and as X ^ 



(A.12) 



for arbitrary but fixed u. 



The proof of Corollary IA.7I is carried out first. In particular, we observe that 
(1A.8I1 implies (lA.lOl) . a property also employed in the proof of Theorem lA.Gi 
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Proof of Corollary Since {C^Y = (4C2)^ > 2^'-^C2 (for C2 > 1), in- 

equality (lA.lOl) is a direct consequence of (lA.SP and the elementary estimate 

\u\ + \Vu\ < T— t(|m| + |Vm|)'' < -— ^(l^r + iVwf'') on <^ \u\ + |Vn| > - > • 

By similar reasoning, (lA.SI l also entails ( lA.lip . Finally note that l + — 1) <p 
if /? < 1 and that 



+ |Vm|^ dx — > and / \uf + |Vu|^ dx — > 

{|«|+|v«|>|} ■ ^{iA/3>|«|+|v«|} 

for fixed u, whence (IA.12I1 follows from ( lA.lOll and (lA.llll . respectively. □ 

Proof of Theorem \A.6\ . Below, we abbreviate u = 4>\{u), the function to be 
constructed. In view of Lemma rA.4l we may assume that fl 7^ M^, and since 
is a Lipschitz domain, we even have that > 0. In the following, u 

is considered as an element of W^'P{M.^) by extending it with zero outside of 
fl. In particular, this ensures that the definition of coincides with the one in 
Lemma [A.4[ Now let u G ly^'^(M^) denote the function obtained in Lemma [A.4[ 
Recall that u satisfies \u\ + |Vm| < CX a.e. on M^, for a suitable constant C > 1 
(cf. dAJ)). For a; e M^, we define 

hx{x) if hx{x) <u{x), 
u{x) := ^ u{x) if —hx{x) <u{x) <hx{x), 
-hx{x) if —hx{x)>u{x), 



where 



hx{x) := CAL2max{l,^-^}dist {x]R^ \n) . 



Here, ^ > and L > 1 are the constants of the Lipschitz domain fl introduced in 
Definition IA.5[ Note that u is independent of p just as u. Accordingly, we define 

:= R^n{x en\ -hxix) < u{x) < hx{x)}. 

As an immediate consequence, ( 1A.3I1 entails (1A.7I ). Also note that the function 
hx : — s> M is Lipschitz continuous with Lipschitz constant CL^ max {1, q~^} A. 
In particular, hx is weakly differentiable with gradient Vhx G L°°(M^), and thus 
u e iy^'°°(M^). Furthermore, 

\u\ < CX and IVmI + \u\ < CqX a.e. in R^, 
where Co := C + CL max [I, g | . 

In particular, we obtain ( 1A.6I1 . Assuming that ( lA.SI) is valid, so is (lA.lOl ). as 
shown in the proof of Corollary lA.Ti In this case, (f)x{u) = m is an element of 
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W^'P(R^): both \uf and |Vm|^ are integrable on M^, due to [KM and fTOll 



Since u is continuous on (by the embedding M/i'°°(R^) c Cb(M^)) and m = 
on \ n, we infer that u e Vro'^(^^). 

It remains to show that (IA.8I) and HAM are satisfied. Since 



1] \ = (fi \ i?^) u (fi n {\u\ > hx}), 
flA.SP follows provided that 

\Q n {\u\ > hx}\ < Ci\(R^\Q)n{R^\R^)\, (A.14) 

for a constant Ci = Ci{N,Q) > 1. Before we verify (IA.14I) . let us observe that 
(IA.14I) also implies (1A.9I1 : It is enough to prove HAM for every 6 G [0, CqA) 



(A.15) 



(A.16) 



because + |Vu| > 6} is of measure zero if 5 > CqA. Due to f lA.51) . 

\u{x)\ + |Vm(x)| = \u{x)\ + |Vm(x)| < CoM{\u\ + |Vm|)(x) 
for a.e. x G such that \u{x)\ < hx{x), whence 
\Q n < hx} n + I Vm| > 6}\ 

< \n n {CoM{\u\ + \Vu\) >6}\ 

for every S > 0. On the other hand, f lA.14ll entails that 

\Q n > hx} n + |Vm| > 6}\ 

< Ci\{R^\Q)n{CoM{\u\ + \Vu\)>6}\ 

for every 6 G [0, CqA) since in that case, 

\ i?^ = {Mi\u\ + \Vu\) > A} c {CoM{\u\ + |Vm|) > 6} . 

Summing (lATTKl l and (lATTHl ) yields (TOl l for every 6 G [0,CoA). 
The proof of (IA.14I1 is carried out in three steps: 

(i) A local estimate for an afRne piece of the boundary 

We consider the following local situation: Assume that for a r > 0, 

B2r{0) nfl = {X= [Xi, . . . , Xtv) G B2ri0) \ Xi > 0}, 

and let pi denote the reflection with respect to the hyperplane {xi = 0}, i.e., 
X = {xi, X2, ■ ■ ■ , xn) ^ PiX := (— Xi, X2, ■ . . , xm)- We claim that in this case 

Pi (5,(0) nnn {\u\ > L-^hx}) c (fi,(o) \n)n (fi,(o) \ r^), (a.it) 
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at least up to a set of measure zero which we ignore. To see this, consider an 
arbitrary x G -Br(O) fl Q such that \u{x)\ > L~'^h\{x). In particular, \u{x)\ > 
2(7Adist (a;; dQ) due to the definition of h\. On the other hand, 

\u{x) -- u{pix)\ < C\\x — pix\ = 2C\dist {x; dfl) , 

whence u{pix) 7^ = u{pix). Thus the refiection pix of x is not an element of 
for almost every x e Brio) nnn {\u\ > L-^hx}, which shows (lATTjl . In 
particular, we have the estimate 

\Br{o)nnn{\u\> L-^hx}\ < |(s,(o) n (5,(o) , (A.is) 

since the Lebesgue measure is invariant under pi. 

(ii) A local estimate for Lipschitz boundary 

The estimate analogous to ( 1A.18I) for a general piece of Lipschitz boundary is 
obtained by using the local maps 6y {y & Y C dQ) of Definition IA.5I to reduce 
the problem to the special case discussed in (i): For every y 

\Br{y) nnn{\u\>hx}\< | {Br{y) \ n) n {Br{y) \R^)\, (A.19) 

where r = r{y) > and L > 1 are the constants of the Lipschitz domain Q. 

(iii) Proof of the global estimate (IA.14P by a covering argument 

Since \u\ < CX a.e. in M^, the definition of hx and the properties of the Lipschitz 
domain imply that 

nr]{\u\>hx] c VLn{c\>hx} 

c fin U B^{z) c fin 

zf^dO. y£Y 

for every A > 0. Applying (1A.19I ) at every y E Y and summing over y yields 
(lAlil) . with Ci := KoL'^^. □ 
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